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Abstract 

The present paper outlines a basic theoretical treatment of decoherence and de- 
phasing effects in interferometry based on single component Bose-Einstein con- 
densates in double potential wells, where two condensate modes may be involved. 
Results for both two mode condensates and the simpler single mode condensate 
case are presented. The approach involves a hybrid phase space distribution 
functional method where the condensate modes are described via a truncated 
Wigner representation, whilst the basically unoccupied non-condensate modes 
are described via a positive P representation.. The Hamiltonian for the system 
is described in terms of quantum field operators for the condensate and non- 
condensate modes. The functional Fokker-Planck equation for the double phase 
space distribution functional is derived. Equivalent Ito stochastic equations for 
the condensate and non-condensate fields that replace the field operators are 
obtained, and stochastic averages of products of these fields give the quantum 
correlation functions that can be used to interpret interferometry experiments. 
The stochastic field equations are the sum of a deterministic term obtained 
from the drift vector in the functional Fokker-Planck equation, and a noise field 
whose stochastic properties are determined from the diffusion matrix in the 
functional Fokker-Planck equation. The stochastic properties of the noise field 
terms are similar to those for Gaussian-Markov processes in that the stochastic 
averages of odd numbers of noise fields are zero and those for even numbers 
of noise field terms are the sums of products of stochastic averages associated 
with pairs of noise fields. However each pair is represented by an element of 
the diffusion matrix rather than products of the noise fields themselves, as in 
the case of Gaussian-Markov processes. The treatment starts from a gener- 
alised mean field theory for two condensate modes, where generalised coupled 
Gross-Pitaevskii equations are obtained for the modes and matrix mechanics 
equations are derived for the amplitudes describing possible fragmentations of 
the condensate between the two modes. These self-consistent sets of equations 
are derived via the Dirac-Frenkel variational principle. Numerical studies for in- 
terferometry experiments would involve using the solutions from the generalised 
mean field theory in calculations for the stochastic fields from the Ito stochastic 
field equations. 



1. Introduction 

The creation of Bose-Einstein condensates (BEC) in cold atomic gases has 
enabled the realisation of a controllable quantum system on a macroscopic scale. 
With all bosons occupying the same single particle state (or mode) the BEC 
exhibits coherence somewhat analogous to the coherence for an idealised single 
mode laser and interference effects were soon observed [l|, [2|- Interferometry 
using BECs was a natural outcome, and much research centres around devel- 
oping BEC interferometric systems, motivated not only by wishing to study 
coherence, interference and entanglement in macroscopic systems but also be- 
cause of their potential applications for precision measurement, including the 
development of BEC interferometry for measurements at the Heisenberg limit 
l3|, [J|, [5|, [6|, [7|. Experiments demonstrating precision beyond the standard 
quantum limit have recently been reported [81, [91. Reviews covering general 
aspects of BEC interferometry include [IQJ , [Hj , [12j . 

Interferometry with BECs is a quantum effect. In its simplest form quan- 
tum interferometry essentially involves transitions between an initial prepared 
state and a final measured state for the interferometer system, where the overall 
transition probability amplitude for transitions is split into two partial ampli- 
tudes associated with different intermediate states, which are then recombined. 
The two amplitudes must remain coherent but depend differently on the feature 
being measured. A variety of such features can produce interferometric effects, 
ranging from a transition frequency between states of interest to an asymme- 
try in a trapping potential due to gravity effects. The partial amplitudes for 
the differing intermediate states may result from various types of time evolu- 
tion, including free evolution stages and interaction stages, where the system is 
subjected to external classical fields. As the feature changes, constructive and 
destructive interference between the partial amplitudes results, leading to the 
changes in measurement probability for the final state. 

In the case of interferometry with single atoms, the review by Cronin et al 



12| outlines how Ramsey interferometry can be described in these terms. Here 
the interferometric system is a two level atom with internal states \a), |6), the 
first being the initial state and the second is the final state. The feature that 
produces the interferometric effect is the transition frequency uj^a and the inter- 
ferometer is used to obtain a precise measurement of LOta - to use for example in 
an atomic clock. The atoms are in a beam with a fixed velocity and pass through 
two short interaction regions when a resonant classical field of pulse area tt/2 
couples the two internal states, turning each into different orthogonal linear 
superpositions of |a), \b) - say \a) — > (|a) -I- \b))/\/2 and \b) — > (|a) — |6))/-\/2. 
Between the interaction regions the atoms undergo free evolution for time T, 
with \a) — >■ exp{iujaT) \a) and \b) — ^ exp(iwbT) |6). The states \a), \b) also act 
as two possible intermediate states for the process a ~> b, and there are two 
distinct pathways a ^^ b ^f b ^f b and a ^f a ^f a ^f b whose partial amplitudes 



interfere. In the first pathway the resonant classical field transition a —^ b oc- 
curs in the first step, in the second it is in the last step, and between the first 
and last steps free evolution occurs in different states - b for the first pathway 
and a for the second. The partial amplitudes are (— 1/-\/2) exp(jWbT)(-|-l/-\/2) 
for the first pathway and {+l/V2)exp{iuJaT){+l/\^) for the second, giving 
a total amplitude proportional to sm{uJbaT/2) resulting from interference be- 
tween the two partial amplitudes. This produces oscillations in the measure- 
ment probability, enabling ujba to be determined. Single atom Mach-Zender 
interferometry |13l |. [1J| involving a double well is another case where a similar 
description applies. The initial state is the lowest symmetric state 15(0)) for 
an atom in a single well trap, the final state \AS{T)) is the lowest antisym- 
metric state in the same single well. The process |5'(0)) — >■ \AS{T)) involves 
splitting the single well to a slightly asymmetric double well and then recom- 
bining back to the single well during a time T. The intermediate state can be 
chosen as two localised states [1J| for the actual double well, one \L{T/2)) being 
localised in the left well the other \R{T/2)) in the right well. The two path- 
ways whose transition amplitudes interfere are |5'(0)) — >■ \L{T/2)) — > \AS{T)) 
and 15(0)) -> \R{T/2)) -^ \AS{T)), the overall process being driven by non- 
adiabatic evolution during the splitting and recombination stages. Asymmetry 
in the trapping potential produces the interferometric effect. In the case of 
single atom Bragg interferometry [15|, [10|| an atom in a zero momentum state 
is subjected to three Bragg pulses with pulse areas 7r/2, vr, tt/2, where each 
pulse involves counterpropagating photons of two slightly differing wave num- 
bers kx, kf^ A two- photon off- resonant Raman process removes a photon from 
one of the laser beams in the Bragg pulse and adds a photon to the other 
beam. The momentum difference changes the atom's momentum from zero to 
2hk = kx + k^. For a given k the wave numbers kx, kf^ can be adjusted to 
satisfy energy as well as momentum conservation. Bragg interferometry can be 
described in terms of two momentum states \p = 0) and \p = 2hk) for the atom. 
The 7r/2 pulses change each state. into linear combinations of these two states 

- say |0) -^ (|0) - exp(-i0) \2hk))/^/2 and \2hk) -^ (exp(-hi0) |0) + \2hk))/V2. 
The TT pulse changes each momentum state. into the other state - say |0) -> 

— exp(— i(/)) \2hk) and \2hk) — >■ exp{+i(p) |0). Here </> is a phase factor for the 
Bragg pulse involved. For an overall process say |0) — > |0) there are two path- 
ways each with its own transition amplitude |0) — ?> |0) — ^ \2hk) — ?> |0) and 
|0) -^ \2hk) — > |0) — > |0), the successive steps involving the pulses tt/2, tt, tt/2 
respectively. If we choose = in the first two steps and </> ^ in the final tt/2 
step, the transition probability is given by (1 -|- cos(p)/2, giving interferometric 
effects as (j) is changed. 

Ramsey, Mach-Zender and Bragg interferometry [15|, [16|, [10|, UM '^^.n also 
be carried out using BECs rather than single atoms, and a generalised version 
of the above approach could be used to describe these. Quantum interference in 
double well BEC interferometry is discussed qualitatively in [l7'| in terms of in- 
terfering transition amplitudes. However, since BECs involve a large number A^ 
of atoms rather than just one, there are a number of additional complexities that 
need to be taken into account, notably associated with the feature that macro- 



scopic numbers of atoms may occupy each single particle state. Firstly, large 
numbers of partial transition amplitudes may now be involved in the overall 
process, and evaluating all the partial transition amplitudes and then recom- 
bining them becomes a formidable task. The analysis for the single atom case 
establishes the general point that for interferometry to occur there must be at 
least two different single particle states (or modes) that an atom can occupy - 
otherwise two or more pathways for the overall process to occur would not be 
available. This suggests immediately that interferometry using BECs must at 
least be based on a two-mode theory. For single com,ponent BECs, the two single 
particle states would be represented by two orthogonal, normalised spatial mode 
functions (/>i(r), 02 (r)- Time dependences are left implicit. For double well in- 
terferometry, these could be either localised in each of the two potential wells 
or delocalised symmetrically or antisymmetrically over the two wells. For Bragg 
interferometry the two modes could be two different momentum eigenfunctions. 
For two component BECs, with internal (hyperfine) states \F), \G) the two 
single particle states would be represented by 4>f{j^) \F), 4'g{^) \G), where the 
associated normalised spatial mode functions are (ppM, (j)a(r). The significance 
of two-mode theories for BECs is well recognised [18| , [19| and points to the ex- 
istence of Josephson effect [20!| physics in cold quantum gases. The idea of the 
BEC being equivalent to a giant spin system, with direct linkages to angular 



momentum theory (21|, spin squeezing [23 etc. stems from two-mode theory, as 



will be outlined below. For the quantum description of Ramsey, double well and 
Bragg interferometry with BECs however, even if each atom is restricted to one 
of two single particle states there are now N + 1 distinct ways of dividing the 
atoms between the two single particle states, corresponding to Fock states with 
occupancies given by f -fc, f -hfc with (k = -N/2, -N/2 + 1, .., N/2) in the two 
modes. The Fock states can describe BECs that are fragmented, with two modes 
having macroscopic occupancy [18|, |23!]. Consequently, in any overall process 
there are a great many pathways involved, so the overall transition amplitude 
can contain many contributions. Having more interfering pathways raises both 



the possibility of sharper interferometric effects [2J| but also the possibility 
that effects can be degraded depending on how the phases and magnitudes of 
the. partial amplitudes are related. These sorts of effects are also familiar from 
multiple slit optical interference. Secondly, the need to consider steps in the 
process where the intermediate states already have many atoms occupying each 
of the two single particle states raises the possibility of bosonic enhancement of 
contributions to the partial transition amplitude from the step involved. These 
sorts of effects are familiar from the theory of lasers and in super-radiance. The 
effects could occur because two-mode BECs are like a giant spin system rather 
than a collection of independent atoms, and implies that the simple analysis 
described above for single atoms is no longer valid. However, a closer analysis 
(see [25|) suggests that bosonic enhancement and super-radiance effects are not 
in fact present. Thirdly, the evolution is not as simple as in the single atom 
case, since collisions between the atoms need to be taken into account. Even 
with only two single particle states allowed, dephasing between the contributing 
amplitudes can occur - which tend to degrade interferometric features but which 



may also produce collapse and revival effects [26|, [6|. Also, even if the BEC is 
close to zero temperature, collisions could remove atoms from the macroscop- 
ically occupied pair of single particle states and deposit them into previously 
unoccupied higher energy thermal states. The unoccupied thermal states act as 
a kind of environment (or reservoir) so the system defined in terms of the two 
macroscopically occupied single particle states suffers decoherence. Collective 



phonon-like states of the BEC called Bogoliuhov excitations [27|, |18|, [23| can 
be created. These processes again generally result in degradation of interfero- 
metric effects. However, some aspects of the interferometric process will still be 
similar to the single atom interferometry case. These include the presence of 
interaction regions in which the BEC is subjected to external pulsed classical 
fields with pulse areas 7r/2, tt that couple internal states, the effect of Bragg 
pulses that change the momentum of each atom, the presence of asymmetries 
in trapping potentials that confine the BEC, as well as periods of free evolution 
of the BEC - though now of course collisions need to be taken into account. 
The difference is though a more elaborate theory is needed to treat quantum 
interferometry in BECs allowing for all these effects. 

Theories of BEC interferometry that take into account the many body na- 
ture of the system are of various levels of sophistication [l9j depending on the 
range of effects taken into account. The Hamiltonian is often expressed in terms 
of field operators. For single component BECs the field annihilation operator 
\l/(r) destroys a bosonic atom at position r, whilst for two component BECs 
the field annihilation operator V^a (r) (a = F, G) destroys a bosonic atom with 
internal state \a) at position r. Interferometry experiments are generally inter- 
preted in terms of quantum correlation functions., which are expectation values 
of products of field annihilation operators with the associated field creation 
operators, and are related to bosonic many atom position measurements |28| . 
Actual measurements of quantum correlation functions may be made via scat- 
tering a weak probe beams (atoms, light) off the system, [29|. If boson-boson 
interactions were absent and the BEC isolated from the environment, idealised 
forms of the quantum correlation functions would result, with clearly visible 
interferometric effects. Even where external environmental effects are absent, 
the internal boson-boson interactions can still result in dephasing (associated 
with interactions within the condensate modes) and decoherence effects (asso- 
ciated with interactions causing transitions from the condensate modes) that 
degrade the interference pattern. Many treatments of BEC interferometry are 
based on the simplest assumption, namely that during the interferometric pro- 
cess the condensate is unfragmented, with all bosons occupying the same single 
particle state | x) • This situation is a special case of a two mode theory, with 
the occupied single particle state written as a linear superposition of the two 
modes. For single component BEC interferometry linear combinations of the 
form (r I x) — x(r) =oli4'i{y) + a2</>2(r) are involved, for two component BEC 
interferometry superpositions (r | x) = Xf{y) \F) -|-XG(r) \G) of the two internal 
states occur. Equations for the spatial wave functions associated with these 



single particle states can be obtained using variational principles (30j, [3l|. For 



the single component case the weh-known Gross-Pitaevskii equation [32|, |33j 
apphes for the so-called condensate wave function yfr), for the two compo- 
nent case coupled Gross-Pitaevskii equations [34| . [35| apply for the condensate 
wave functions X-fC"")) XG(r) associated with the two internal states. The Gross- 
Pitaevskii equations are non-linear^ with collision effects occuring via mean field 
terms. Treatments of BEG interferometry based on assuming the condensate is 
unfragmented include (36|, [37| for the single component case and [38|, [39| for 
the two component case. 

However, there are two distinct single particle states each boson could oc- 
cupy, and for N bosons the A^ -I- 1 dimensional state space for two mode theories 
allows for more general quantum states that are fragmented, with macroscopic 
occupancy of two single particle states. The basis states can be chosen as Fock 
states \ ^,k) {k = —N/2, .., N/2) in which ^ — k bosons occupy one of the two 
single particle states ((/'i(r) for the single component case, (/'^(r) \F) for the two 
component case) and ^ +k bosons occupy the other two single particle states 
((/)2(r) for the single component case, (pci^) \G) for the two component case). 
Each Fock state is a fragmented state, with definite numbers ^ T ^ of bosons 
respectively in the two modes. In two mode theory the general quantum state 
of the N boson system is written as a superposition of the Fock states with 
general amplitudes hk- The unfragmented states are just special cases called 
binomial states since the amplitudes hk are determined from binomial coeffi- 
cients. The Dirac-Frenkel variational principle [30|, [31| can be used to obtain 
matrix mechanics equations for the iV -I- 1 general amplitudes hk and general- 
ized Gross-Pitaevskii equations.ioi the two mode functions {(j)i{r), 02 (r) for the 
single component case, (j>p(r), 4>g{^) for the two component case). The N -\- 1 
amplitude equations describe the system evolution amongst the possible Fock 
states, and involve Fock state Hamiltonian and rotation matrix elements which 
depend on the two mode functions. The two coupled Gross-Pitaevskii equations 
are again non-linear in the mode functions due to collision terms - which occur 
via generalised mean fields - and involve the trap potential, with an additional 
intercomponent coupling term in the two component case. They contain as 
coefHcients one and two body correlation functions that depend quadratically 
on the amplitudes, and which reflect the relative importance of the different 
Fock states during the interference process. The combined amplitude and mode 
equations are self-consistent, and are more general than the equations for the 
unfragmented BEG case. It should be noted however that other authors 14011 . 



4l|, |42l | define the condensate mode functions via a diferent approch, namely in 
terms of the eigenfunctions of the first order quantum correlation function that 
have macroscopic eigenvalues. This approach is discussed below in Section |31 
Two mode theories similar to the present treatment have previously been devel- 
oped for single component BEGs with two orthogonal spatial modes (such as in 
double- well interferometry )^3, 01, [i3|, [Hi, 0|, [i^l, [Hi and fragmentation 
effects shown in [46j , |4 7|, |48| . Two mode theories for the two component case 
have been presented in [49|, [50i] and elsewhere (author?) [25,1. Two mode the- 
ories incorporate dephasing effects associated with transfers of bosons between 
the two modes, but decoherence effects and Bogoliubov excitations are outside 



the scope of the theory. Both the general two-mode theory and the single mode 
theory are referred to as mean field theories, since collisional effects occur via 
mean fields. 

To allow for decoherence and Bogoliubov excitations the theory must include 
large numbers of non-condensate modes, which are modes with very small occu- 
pancy. Bogoliubov theory is perturbation theory in the interaction between con- 
densate and non-condensate modes, and treatments of Bogoliubov excitations 
for BEC interferometry have been made [41| by adapting general BEC Bogoli- 
ubov theory [5l|, [40|, [53, [43|to treat two-component BECs. Another approach 
that could be applied to BEC interferometry is a master equation method |53J, 
|54| . in which a condensate density operator is defined and a master equation is 
derived allowing for interactions with non-condensate modes, which constitute 
a reservoir. The quantum state is now non-pure so a density operator is needed 
to describe the system. The difficulty with this method is that it is hard to 
evaluate the non-condensate contributions to quantum correlation functions. A 
further approach could be based on the Heisenberg equation method that have 
been applied in numerous many-body theory problems. Heisenberg equations 
for field operators and products of field operators are derived, and taking the 
expectation values with the initial density operator results in a heirarchy of cou- 
pled equations for quantum correlation functions. An ansatz (such as assuming 
that a suitable high order correlation function factorises) produces a truncated 
set of coupled equations from which correlation functions of the required order 
can be calculated. The problem with this method is that it is hard to confirm the 
validity of the ansatz. In view of there being very large numbers of modes, phase 
space theories have also been developed with the density operator represented 
by a quasi-distribution functional in a phase space [55|. Quantum correlation 
functions are then expressed as functional integrals in the phase space, involv- 
ing products of the distribution functional with the several field functions that 
replace the field operators. The Liouville-von Neumann equation for the den- 
sity operator is replaced by a functional Fokker-Planck equation (FFPE) for 
the distribution functional. Finally, the FFPE are finally replaced by coupled 
Ito stochastic equations (c-number Langevin equations) for the field functions, 
where the Ito equations contain deterministic and random noise terms - identi- 
fiable from the FFPE. Stochastic averages of the field functions then give the 
quantum correlation functions. Phase space distribution functional treatments 
were orig inally developed to treat problems in quantum optical physics [56|, [57|, 
[58|, [59|, [60|, but have since been adapted for BECs. There are several different 
phase space theories that have or could be used to treat BEC interferometry, 
depending on the nature of the distribution functional chosen to represent the 
density operator. The positive P representation has been used by [6l| to treat 
spin squeezing in two component BECs. However, because most atoms will be 
in one or two highly occupied modes and these bosons can be treated approxi- 
mately in terms of mean field theories, a more natural representation to use is 
the truncated Wigner representation. Such theories have been developed |55| 
and applied to BEC interferometry [62|, [63|. In the truncated Wigner FFPE 
there are no second order functional derivatives, so there are no random noise 



terms in the Ito equations. Quantum noise is embodied in the initial state, and 
BogoHubov equations are used to describe this state. Based on the truncated 
Wigner representation, stochastic modifications of the Gross-Pitaevskii equa- 
tion to allow for the effects due to non-condensate modes have been derived for 
the case where the condensate modes have macroscopic occupancy, and these 
methods could be applied to BEG interferometry. These approaches include 
the Projected Gross-Pitaevskii equation method [64|, [65| and the Stochastic 
Gross-Pitaevskii equation theory [66|, [67|. A review of these methods is given 
in l68| . In developing a quantum kinetic theory of BECs, Gardiner and Zoller 
|53| . |54| divided the field operator for the bosonic system as a sum of condensate 
and non-condensate mode contributions. An alternative treatment also based 
on distinguishing condensate and non-condensate modes is the hybrid represen- 
tation, with the highly occupied condensate modes described via a truncated 
Wigner representation (since the bosons in condensate modes behave like a 
classical mean field) , whilst the basically unoccupied non-condensate modes are 
described via a positive P representation (these bosons should exhibit quantum 
effects). Such an approach has been developed by J69|, [70|, [71| and in the 
present paper. Finally, a more elaborate phase space treatment of BEGs called 
the Gaussian quantum operator representation has been formulated [72] and 
could be applied to BEG interferometry. Pairs of bosonic annihilation, creation 
operators as well as single operators are represented by c-numbers in the phase 
space distribution function. The approach is based on representing the density 
operator via Gaussian rather than just coherent state projectors, as applies for 
the simpler phase space theories. 

As well as being suitable for studying macroscopic decoherence and dephas- 
ing effects, interferometry with Bose-Einsten condensates is closely linked to 
another fundamental feature of the quantum physics in macroscopic systems - 
entanglement. Entanglement is linked to several important issues such as the 
EPR paradox. Bell inequalities and Schrodinger cats. A number of pa per s have 
discussed entanglement for two mode macroscopic systems, including [73|, |74| . 
(Zl, [Zi, [Zl. [li: and [zil. Reviews include [lol, [HI. Measures of entan- 
glement are more straightforward for bi-partite systems such as bosonic systems 
based on two modes, where the two modes constitute the two subsystems. The 
entropy of mode entanglement is a useful measure, being the difference in en- 
tropy between that for the original state and that associated with the reduced 
density operator describing a sub-system, and thus related to the change of 
quantum information. The connection to interferometry can be seen with a 
simple example [74| . If a, b are the annihilation operators for the modes a, 
b then the pure quantum state for the N boson system given in terms of the 
corresponding creation operators and the vacuum state |0) as 



)a\N-n), (1) 



is an entangled state, being a quantum superposition of separable states \n)^ \N — n)^ 
in which there are n bosons in mode a and N — n in mode b. This state is a 




binomial state, since its form is determined by binomial coefficients C^. The 
reduced density operator for the mode a subsystem is easily found to be 



N N 



P^-iri j:Cn\n)Jnl (2) 



n=0 

which is clearly a mixed state and the entropy of entanglement is non-zero. 
Another pure state for the N boson system is 

|<i>)^^ = ^(at)^|0) = |7V)jO), (3) 

which is a non- entangled state, being a separable product of the states \N)^ and 
|0)j,. The reduced density operator for the mode a subsystem is easily found to 
be 

Pr-\N)aiN\a (4) 

which is clearly a pure state and the entropy of entanglement is zero. If we now 
consider an interferometry experiment applied to each of these two states, we 
will see that the entangled and non-entangled states leads to differing interfero- 
metric effects. The experiment involves applying a 50:50 beam-splitter process 
to each state and then measuring the number of bosons in modes a, b. The 
beam splitter process is associated with an evolution operator which transforms 
the mode annihilation operators as a — > (a -I- 6)/-\/2, 6 — > (a — b)/\/2. For single 
component BEC in a double well with modes localised in each well, such a pro- 
cess is associated with quantum tunneling through the potential barrier during 
a period short enough that collisions can be ignored. For two component BEC 
in a single well, the process is associated with applying a two-photon classical 
field during a similar short period. For the two initial states of interest the 
states change as 



V2 



n=0 



Measurements of the mean boson numbers in each mode give (a^a) — N, 
b^ft) = for the initially entangled state and (a^^a) = N/2, (b^t) ^ N/2 
for the initially non-entangled state. Hence there is a difference in the inter- 
ferometric results for the two cases. More generally, for an arbitrary mixed 
non- entangled state for A^ bosons the density operator is of the form 

N 

^Pn\n)Jnl<S)\N-n)^,{N~nl (6) 

n=0 
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and the reduced density operator for mode a is 

N 

Pr = EP»KHa (7) 

n=0 

As there is no entropy change between the original state and the state for 
mode a, the entropy of entanglement is zero. In [74:] it is shown that applying 
the beam-splitter process to this state gives a new state where again (a^'a') = 

N/2, (b^bj = N/2. Hence all non-entangled states for for N bosons give 
no difference between the output measurements of boson numbers in the two 
modes. This contrasts the situation for entangled states, as our example has 
shown. Thus interferometry with BEC would be a possible measurement system 
for demonstrating entanglement effects. 

In the present paper it will be assumed that the interferometry regime is 
such that at most two condensate modes have a macroscopic occupancy. The 
mean field theory treatment for this case is a time-dependent version of the 
approach in an earlier two-mode theory paper [17| . This approach leads to a set 
of self consistent equations for the two mode functions and for the probability 
amplitudes for finding the system in states with specific occupancies of the two 
modes. The mode equations are generalised time-dependent Gross-Pitaevskii 
equations involving non-linear mean field terms, and these equations include 
coefficients that depend on the amplitudes. The amplitude equations are matrix 
mechanics equations involving Hamiltonian and rotation matrix elements, that 
depend on the mode functions and their spatial and temporal derivatives. These 
self-consistent sets of equations are derived via the Dirac-Frenkel variational 
principle. This generalised mean field theory does allow for certain dephasing 
effects and for transitions between the two condensate modes. Thermal and 
decoherence effects are not included. For the purposes of the present paper it 
will be assumed that the solutions to the generalised mean field two mode theory 
have been obtained, and are available albeit in numerical form for applications 
of the present theory. Numerical solutions of equivalent equations have been 



published by Streltsov et al |46|, |45|, [47|. 



The present paper outlines a basic theoretical treatment of decoherence and 
dephasing effects in interferometry based on single component BECs in dou- 
ble potential wells, where we assume that only two condensate modes could 
have macroscopic occupancy. Results for both two mode condensates and the 
simpler single mode condensate case are presented. The approach involves a 
hybrid phase space distribution functional method where the condensate modes 
are described via a truncated Wigner representation, whilst the basically un- 
occupied non-condensate modes are described via a positive P representation 
[69|, [70|..The Hamiltonian for the system is described in terms of quantum field 
operators for the condensate and non-condensate modes. The functional Fokker- 
Planck equation for the double phase space distribution functional is derived. 
Equivalent Ito stochastic equations for the condensate and non-condensate fields 
that replace the field operators are obtained and stochastic averages of products 
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of these fields give the quantum correlation functions that can be used to in- 
terpret interferometry experiments. The treatment starts from the generalised 
mean field theory for two condensate modes. Numerical studies for interferom- 
etry experiments would involve using the solutions from the generalised mean 
field theory in calculations for the stochastic fields from the Ito stochastic field 
equations. 

Previous papers [56|, [57|, [58|, [60|, [55| using distribution functional and 
stochastic field approaches only contain brief explanations of the method, so the 
present paper is aimed at a more complete exposition. In Section [5] the Hamilto- 
nian for the single component bosonic system is described in terms of field oper- 
ators. The field operators are the sum of condensate and non-condensate mode 
contributions. The Hamiltonian is decomposed into contributions scaling with 
decreasing powers of viV, and within the weak interaction regime some terms 
are discarded, leaving a Hamiltonian which allows for Bogoliubov excitations. 
Certain linear coupling terms involving both condensate and non-condensate 
field operators are written in a new form based aroud the condensate mode func- 
tions as obtained from time-dependent Gross-Pitaevskii equations. In Section 
[3] phase space distribution functionals of a hybrid type are introduced (Wigner 
for condensate fields, P+ for non-condensate fields) starting with the charac- 
teristic functional, and quantum correlation functions (symmetric ordering for 
condensate fields, normal ordering for non-condensate fields) are expressed in 
terms of phase space functional integrals, with field functions replacing the field 
operators and the distribution functional replacing the density operator. The 
justification for these phase space functional integral results is carefully outlined. 
Correspondence rules and functional Fokker-Planck equations are obtained in 
Section IH the key steps in the derivation of the correspondence rules and func- 
tional Fokker-Planck equations being explicitly covered. The derivation of the 
equivalent Ito stochastic field equations is fully set out in Section [51 Results for 
both two mode and single mode condensates are presented. The sin gle mode 
condensate results are compared with equations recently presented in [71| . The 
paper is summarised in Section |6l 

Online supplementary material and a website version of this paper j82l] con- 
tains details for the derivations of results in this paper which are too lengthy 
to present in the journal version. Quantities involved in the two-mode theory 
equations are listed in [Appendix A[ In Appendix B the key ideas of functional 
calculus involving c-number functions are outlined. Results for quantum correla- 
tion functions are derived in Appendix C. The derivation of the correspondence 
rules and their application to deriving the functional Fokker-Planck equation is 
given in Appendix D and Appendix E respectively. The Ito stochastic equations 
details are in Appendix F. 
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2. Hamiltonian and field operators 

In this section we describe the bosonic system in terms of field operators. 
The field operators are written as the sum of two contributions, one associated 
with the condensate modes, the other with the non-condensate modes. The 
Hamiltonian is introduced for the single component bosonic system within the 
zero range approximation for the boson-boson interactions. The situation is 
restricted in this paper to the weak interaction regime, and the Hamiltonian 
decomposed into contributions that scale with decreasing powers of \N ^ where 
N is the number of bosons. After discarding the two smallest contibutions that 
scale as (^fN)~^ and (\/]V)~^, we are left with the Bogoliubov Hamiltonian 



5l| . [40|, [52|, [42|. The condensate in this work dealing with applications 



in double well interferometry is assumed to involve at most two modes, and 



the Dirac-Frenkel principle [30|, 3l| is used to obtain two coupled generalised 
Gross-Pitaevskii equations for the two time-dependent mode functions. For the 
single condensate mode situation the same approach gives the standard Gross- 



Pitaevskii equation for the mode function. Our previous two mode theory 17 1 
yielded adiabatic mode functions, rather than the time-dependent modes used 
here. Results from the Gross-Pitaevskki equations are then used to simplify 
one of the terms in the Bogoliubov Hamiltonian, thereby enabling functional 
Fokker-Planck equations to be derived. 

2.1. Field Operators for Condensate, Non-Condensate Modes 

For the application to double-well BEG interferometry most of the bosons 
occupy one or maybe two modes, and that all the other modes are essentially 
unoccupied. The two modes with macroscopic occupancy will be referred to as 
the condensate modes, the remaining modes are non-condensate modes. These 
physically based distinctions between the two types of modes will be embodied 
in the theoretical treatment, and it will be convenient to use two different phase 
space methods for the condensate and non-condensate bosons. In the present 
paper it is assumed that the interferometry regime is such that at most two 
condensate modes have a macroscopic occupation. 

The field operators can be expanded in mode functions 

$(r) - 5^Sfe0fe(r) (8) 

fe 

$t(r) = Y.^l{v)al (9) 

fe 

where the mode functions are orthonormal 



dv<p*{v)^,{v) ^ 5,, (10) 

Throughout this paper both the mode functions and their accompanying anni- 
hilation, creation operators are time dependent in general, but for simplicity of 
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notation the time dependence is usually left implicit. Note however that the 
field operators \I'(r) and \I''l'(r) are always time independent. 

In the mode expansion we will assume that there is a cut-off at some large 
mode number K (momentum cut-off). This is to be consistent with using the 
zero range approximation in the Hamiltonian. Accordingly the completeness 
expression for the mode functions does not give the ordinary delta function but 
a restricted delta function (5/f (r, r') which is no longer singular when r = r'. 

Y,Mr)<PUr') = 6Kir,r') (11) 

k 

Accordingly although the annihilation, creation operators satisfy the stan- 
dard bosonic commutation rules, the field operators satisfy modified rules for 
which the non-zero results are 

[ak,aj] = Ski 
[$(r),$t(r')] = SKir,r') (12) 

In obtaining these rules those for the annihilation, creation operators are treated 
as fundamental and those for the field operators then derived. If the cut-off is 
made very large then the restricted delta function approaches the ordinary delta 
function. 

To exploit the distinction between condensate modes with a macroscopic 
occupancy and non-condensate mode the field operator is written as the sum of 
a condensate term and a non- condensate term. In the two-mode approximation 
it is assumed that there are two condensate modes that may have macroscopic 
occupancy, in the standard single mode approximation only one. 

For the two mode case 

$(r) = $c(r) + $Arc(r) (13) 

$c(i-) - ai0i(r)+a202(r) (14) 

%{r) - <f>Ur)a\+<j>;{r)al (15) 

K 



K 

where the condensate is described via the two modes (jjiir), (j)2(j) and the non- 
condensate via the remaining modes (/'fc(r)j which are cut off for momenta greater 
than K ^ h/a where a is the distance scale of the. short range boson-boson 
interaction. In view of the orthogonality of the condensate and non-condensate 
modes, the contributions to the field operator commute. For the condensate 



14 



and non-condensate field operator components we have the following non-zero 
results 



[$c(r),$jvc(r)] = 



= <5c(r,r') (18) 

= SNc{r,r') (19) 

The quantities (5c'(r, r') and 6nc{^,^') act as restricted Dirac delta functions 
rather than ordinary delta functions, in that for functions ■(/'c(r) and ipNci''^) 
only involving condensate or non-consensate modes respectively (and ip^^ (r) and 
%J)~^q{y) only involving their complex conjugates), we have 

V'c(r) = ai0i(r)+a2<^2(r) ^+(r) = 0*(r)a+ -I- 0*(r)a+ (20) 

V'Arc(r) = E "^<^^W ^^c(r) = E -^feW^fe (^1) 

^c(r) = [ dr' 6c{r,r')i^c{r') ^+(r) = / dr>+(r')<5c(r',r) 



V'ivc(r) = J dr' SNc{r,r')^Nc{r') V(r) - j dr>+(r')(5c(r',r) (22) 

Clearly 

^;f(r,r')=<5c(r,r') + <5Arc(r,r') (23) 

These features involving restricted delta functions will be useful in deriving the 
functional Fokker-Planck equation. 

In the single mode case the condensate, non-condensate field operators and 
restricted delta functions are now given by 

$c(r) = ai^i(r) %ir) ^ <Pliv)a\ (24) 

K K 

^Nc{v) = Y.^kM^) $]vc(r)=E<^fcW«I (25) 

5c{r,r') = 0i(r)0t(r') dNc{r,r') =Y,MrWkir') (26) 

with the time dependences of the mode functions and annihilation, creation 
operators left understood as usual. With obvious modifications, (|T8| - (p3)) also 
apply in the single mode case. 
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2.2. Bogoliubov Hamiltonian 

The full Hamiltonian in terms of field operators is given by 

dv(-—V^(r)'^ ■ V$(r) + $(r)ty$(r) + |$(r)^$(r)t$(r)$(r)) 
2to 2 

(27) 
= ^ + i> + [/ (28) 

the sum of a kinetic energy, trap potential energy and boson-boson interac- 
tion energy terms. As usual the zero range approximation is made with g = 
Awh'^as/'rn, where as is the s-wave scattering length. 

The condensate mode occupation is of order the total boson number N. For 
bosons in a trap of frequency w, with harmonic oscillator length scale oq = 
\/{h/2mLu), the density is of order p = N/{aQ)^. In the weak interaction regime 
[40.] we have p{as)^ < 1, or 

N{^f « 1 (29) 

ao 

For Rb*^ in a trap with uj — 27r.58 s~^ we have qq = 1 pm and as = 5 nm, 
so that the weak interaction regime applies for reasonably large boson numbers 
A'' -C lO''. Also, as has been shown f40], it is possible to consider a situation for 
the weak interaction regime where Nas/a,Q and kgT/hu} are kept constant but 
with N becoming very large whilst 05 remains finite so that 

gN = gN (30) 

where g^v is constant. This can be achieved by decreasing the trap frequency. 

In the weak interaction regime and with g = gN /N it is convenient to write 
the Hamiltonian as the sum of five terms in decreasing powers of \N , based on 
using Eq. ([T3|) and assuming the condensate operators scale like ^/N . We can 
then express the Hamiltonian in the form 



where 



H = Hi+H2 + H3 + H4 + H5 (31) 



Hi ^ / dr(-^V*t(r)- V*c(r) + *kr)l^*c(r) 
J 2m 

+ |^$^(r)$^(r)$c(r)$c(r)) (32) 



Ho = 



y dr($jvc(r)^ {-^^^^c{r) + V^c{r) + ^$[.(r)$c(r)$c(r) 
+ {-|^V'*cW + $c(r) V + ^$t^(r)$^(r)$c(r)| $Arc(r))(33) 
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fe2 

Hs = 



^rfr(|-V$Jvc(r) • V$^c(r) + $]vc(r)V^$JVc(r) 

+ m {4*]vc«$L(r)$^c(r)$c(r)}) (34) 

H, = Jdr^ {*jvc(r)*jvc(r)$^c(r)$c(r)) + $J;(r)$j^c(r)$^c(r)$^c(r)} 

(35) 
i?5 =y"dr|^{$j^p(r)$]^p(r)$^c(r)$jvc(r)} (36) 

The term fl^i is of order N = (-x/iV)^ and is the Hamihonian for the con- 
densate. The term H2 is of order viV = {vNY and describes part of the 
interaction between the condensate and the non- condensate that is hnear in 
the non-condensate field. To obtain this term spatial integration by parts was 
used to have V only operate on ^c(r) or ^^(r)^. This term needs further 
development to avoid Fokker-Planck equations containing functional deriva- 
tives with respect to spatial derivatives of field functions, and this is accom- 
plished in the next section. The term H3 is of order 1 = {^/N)^ and describes 
part of the interaction between the condensate and the non-condensate that is 
quadratic in the non-condensate field. plus the kinetic and trap potential terms 
for the non-condensate. If the condensate fields are replaced by c-numbers, 
this term describes Bogoliubov excitations [40|, [5l|. The term H4 is of order 
1/VN = (-\/iV)~^ and describes part of the interaction between the condensate 
and the non-condensate that is cubic in the non-condensate field. The term 
H5 is of order 1/A^ = (\/]V)^^ and describes part of the interaction within the 
non-condensate, which is quartic in the non-condensate field. 

We now make an approximation and neglect the terms H4 and H5. This 
leads to the so-called Bogoliubov Hamiltonian, albeit still in a number conserving 
form. This Hamiltonian would be adequate to describe Bogoliubov excitations, 
so we will use in to treat BEC interferometry in the weak interaction regime. 
The Bogoliubov Hamiltonian is 

Hb=Hi+H2 + H3 (37) 

The neglected terms would be needed in a theory for BEC interferometry in the 
strong interaction regime. 

2.3. Two-Mode Theory and Generalised Gross-Pitaevski Equations 

The development of a suitable form for the H2 term in the case where two 
condensate modes are involved is based on a general two mode theory for one 
component BECs similar to that in [17], though here we apply the Dirac-Frenkel 
principle to the dynamic action and obtain Gross-Pitaevski equations for time- 
dependent mode functions, rather than the time independent Gross-Pitaevskii 
equations for adiabatic mode functions obtained in |17| by applying a variational 
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principle to the adiabatic action and involving Lagrange multipliers. In two- 
mode theories we write the quantum state \^{t)) of the A'^ boson system as 
a superposition of the N + 1 basis states ^^k\, where there are ^ — fc and 
Y + fc bosons (respectively) occupying the two modes with (time dependent) 
mode functions (j)i(r,t) and (^2(1", i)- The amplitude for this basis state is bk{t). 



*(*)>= E ^'^w 



2 ' 



(38) 



and the basis states are Fock states given by 



N 



,fc 



[(|_fc)!]| [(f + fc) 



^n 



|0) {k^~N/2,~N/2+l,..,+N/2) 

(39) 



These basis states are fragm,ented or num,her squeezed states, allowing for both 
modes to have macroscopic occupancy when |A:| <C N/2. 

The notation ^ , k for the basis states reflects the feature that the two mode 



Bose condensate behaves like a giant spin system. 
operators can be defined by 

Sx — (0201 + a{a2)/2 

Sy — ia^ai — a[a2)/2i 

Sz = {ala2-a\ai)/2 



Spin angular momentum 



(40) 



which satisfy the standard angular momentum commutation rules. The square 



of the angular momentum (S )^ is related to the total two mode boson number 

4c 



operator N ~ {flifii + ajai ) 



(4)' = E(^« 



2 ^ <^ .^ 



(41) 



and the Fock state I -ji ^) i^ ^ simultaneous eigenstate of (S)^, S, 



Sz 



N \ N ,N 

— ,k) = — — + 1 
2 ' / 2^2^ 



f,fc) = k 



2 ' 



2 ' 



(42) 



Hence the total angular momentum quantum number j = -^ is macroscopic, 

and k = — y, ^y + I, •■j't^-'^i +T specifies the magnetic quantum number as 
well as 2k determining the difference in mode occupancy. 

In |17l] equations for the amplitudes and adiabatic mode functions have been 
determined by applying Principles of Least Action , involving minimising the 
dynamic and adiabatic actions respectively for the state vector given by psp . 
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subject to the normalisation constraints for the amphtude and orthonormahty 
constraints for the mode functions 



y, \bk{t)f - 


= 1 


dr0:(r,i)0,(r,t) = 


= Sij 



z,j = l,2 (43) 

In the present treatment, the Dirac-Frenkel principle [30], '3l| is applied to the 
dynamic action to obtain equations for the amplitudes bk{t).aiid time-dependent 
mode functions (j)i{r,t) (i — 1,2). In applying the Dirac-Frenkel principle no 
Lagrange multipliers associated with the equations of constraint (|43p are in- 
troduced, however mode orthonormahty is used in the treatment and the final 
amplitude and mode equations can be shown to be consistent with both these 
constraints. Such variational principles are well-known in quantum physics, 
the Dirac-Frenkel principle applied to the dynamic action for an arbitrary un- 
normalised state vector gives the time-dependent Schrodinger equation. The 
Hartree-Fock equations for electrons in atoms and molecules and the Gross- 
Pitaevskii equations for a single mode condensate are two examples of their 
application based on state vectors with restricted forms. In the latter case the 
state vector assumed is a special case of ([55|) such as with just the single term 
Yj ~ y) '^^ ^ special superposition (binomial state) corresponding to all bosons 
being in the same single particle state [17|, itself a linear combination of the two 
original modes. 

In the present case of two condensate modes, the mode functions satisfy the 
coupled generalised Gross- Pitaevskii equations 

J 3 

+ Y.^9Y.^^mJnCj^*mK)'pJ (* = 1,2). (44) 



mn 



These mode functions allow for boson-boson interactions and are time-dependent. 
They follow the changes in the time dependent potential V{y, t). The quantities 
Xij and Yimjn are one-body and two-body correlation functions 

X,, = (^lalS,!*) (45) 

Y^mjn = (<I>|S|a,J„Sja„|$) (46) 

Detailed expressions given in the [Appendix A| in Eqs. (jA.12[) and (|A.13[) . show- 
ing that Xij and Yimjn are quadratic forms of the amplitudes bk- These are 
of order N and N"^ respectively. The one body correlation functions can be 
expressed in terms of matrix elements between the Fock states of the spin op- 
erators, and the two body correlation functions as matrix elements products of 
two spin operators. The coupled Gross-Pitaevskii equations are non-linear in 
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the mode functions. The non-hnear terms (g ^ Yimjn 0m </>«) that are present 

ran 

due to the boson-boson interactions scale hke the boson particle density and be- 
have as generalised mean fields. Hence the approach that produces generalised 
Gross-Pitaevskii equations is a form of mean field theory, though not of course 
as simple as in the case of a single mode theory. The kinetic energy and trap 
potential terms and the mean field terms may also be written as 



h'2 



V^ + y)0j(r,i) 



j mn 



(47) 



(48) 



showing the formal relationship of the terms to the state vector |<1>). 

For the present two mode condensate case the amplitudes satisfy matrix 
mechanics equations, as in |17| 



db 



ih^ = J2(Hu - hUu)hi (k = -N/2, ..,N/2). 



dt 



(49) 



These N -\-\ equations P^ describe the system dynamics as it evolves amongst 
the possible fragmented states. The equations are similar to the standard ampli- 
tude equations obtained from matrix mechanics. In these equations the matrix 
elements Hki , Uki depend on the mode functions (j)i (r, t) . Detailed expressions 
for H/^i, Uki are given in [Appendix A| in Eas. (jA.10|) and (jA.7p . The matrix 
elements Hj^i are in fact the matrix elements of the Hamiltonian H in equation 
([311) between the fragmented states I Y'^)' I T'O' ^^^ matrix elements Uki 
are elements of the so-called rotation matrix, and allow for the time dependence 
of the mode functions. 



Hki - 


^ (t- 


H 


f.' 


) 










(50) 


Uki = 


1 ff' 


"{ 


f' 


} 


i')- 


-(f^- 


{. 


m 


(51) 



The specific forms of the Xij , Yim jn , Hki , 



Uki are not important in what follows, 
all that is required is that they have been determined. Equations for the mode 
functions and amplitudes similar to (|44)) and (|49)) have been obtained by Alon 
et al [47| for single component BECs. 
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From the amplitude and m^ode equations it can be shown that 

N 

I ^ Mt)\' = (52) 

fc=-f 

^^E^^^a^y '^^'^^*(^'*)<^j('^'^) = (53) 

ij 

The first result shows that the amphtudes would remain normalised to unity 
and the second result is consistent with the modes remaining orthogonal and 
normalised, assuming they were so chosen at i = 0. The second result involves 
the trace of the product of a positive definite invertible matrix X with a matrix 
which is the time derivative of the mode orthogonality matrix. 

Adiabatic solutions to the time dependent coupled Gross-Pitaevskii equa- 
tions can be obtained for slowly varying trap potentials via the transformation 
to new adiabatic modes fi;(r, i) (fc = 1,2) in the form 

(j)i{r,t) = ^aki exp{-ifj,kt) Cfe (r , t) (54) 

k 

where it is assumed that the coefficients aki and the new modes ^k (r, t) are so 
slowly varying with time that their time derivatives can be ignored. All the 
time dependence is assumed to be carried in the oscillating exponential factors. 
The new modes are required to be orthonormal, and the frequency factors /ife 
are required to be real, so that the transformation does not diverge for large |i|. 
The orthonormality condition shows that the aki form a unitary matrix. 

Yl "fc« "'^J " "^y H "fc« "'» = '^'=' (^^) 

k i 

The condensate field operator can also be expressed in terms of the adiabatic 
mode functions and their associated annihilation, creation operators as 

$c(r)=SiCi(r)+626(r) ^^ir) ^ Ci{r)b\ + C2irM (56) 

where 

bk = ^ctki exp{-ifikt)ai bl = ^al^ exp(+i^fet)aj (57) 

i i 

and the standard commutation rules apply [bk, bj] = 6ki- 

Substituting for (pjir, t) in the coupled Gross-Pitaevskii equations p4)) . mul- 
tiplying by «;* exp(-l-i/i;t) and summing over i gives a pair of time independent 
coupled Gross-Pitaevskii equations for the adiabatic mode functions 

y2Plkn^ika = 'E^(fe(-:J^v2 + y)efc 

■^-^ ^-^ 2m 

k k 

+ Y.^9Y.^^-^^Cis)ik (^-1,2). (58) 
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where now the one and two body correlation functions are 

Pik = {<^\blbkm (59) 

Qlrks = ($|S|5t6,4|$) (60) 

Equations (|T7)l and (P5|) were also used in the derivation. These equations are 
only meaningful if the trap potential and the adiabatic mode functions are in 
fact slowly varying with time. The frequencies /xi, fi2 play the role of generalised 
chemical potentials. Noting that the A^ dependence in the mode equations is 
carried in the one and two body correlation functions - these being of 0{N) and 
0{N'^) respectively, it is then possible to show that the chemical potential is 
given by 

k 

As the quantity ($| b^bk |<&) /N is the fractional number of bosons occupying 
the adiabatic mode ^k it follows that IlfXk is the chemical potential associated 
with that mode. 

2.4- Single-Mode Theory and Standard Gross- Pitaevski Equation 

For the case where there is just a single condensate mode the state vector 
becomes 

|cO(i))^lMl!)_|o) (62) 

The general Gross-Pitaevskii equations (|44|) then reduce to the single Gross- 
Pitaevskii equation. 

-|-V2 + V + g{N - 1) l^il"") 01 = ih^^ <i>^ (63) 

Note that in the regime of interest with N becoming very large, the factor 
gYimjn/N = gNYimjn/N^ becomcs approximately equal to g^ tiimes a factor 
of order unity. In deriving the single Gross-Pitaevskii equation from (|1^ , the 
matrices with elements Xij and Yimjn reduce to 1x1 matrices with non-zero 
elements 

Xii = N yini=iV(iV-l) (64) 

since in this case bk = Si,^-n/2- As there is now only one mode, there is now a 
single Fock state so amplitude equations, spin operators no longer apply. 

For the single mode case an adiabatic solution can be obtained via the trans- 
formation 

(j)i (r, t) = exp(-z^ii) ^1 (r, t) (65) 

applied to (1551) . where it is assumed that the new mode ^i(r,t) is so slowly 
varying with time that its time derivative can be ignored. The time independent 
Gross-Pitaevskii equation for the adiabatic mode function becomes 

Vi6 = (-:^V2 + y)a+5(A^-l)iai'a (66) 
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and 111 is the chemical potential /ii = ^ ($| H |<I>). 

2.5. Modified Form for H2 Term 

The previous form (|33|) of the iJ2 term contains spatial derivatives and these 
would produce Fokker-Planck equations with functional derivatives with respect 
to spatial derivatives of field functions, which cannot be treated in the standard 
approach. However, the H2 term can be put in a form in which spatial deriva- 
tives are absent. 

2.5.1. Two-Mode Case 

It is straightforward to show that the eigenvalues of the 2x2 matrix of the 
Xij are both real, positive and their sum equals N. Apart from special cases 
where one of the eigenvalues is zero we see that the matrix of Xij is invertible 
and hence we can write 

("£ E ^l + V)c^,=^H^^c^,-J2x^^'Z.,,<|,, (67) 

li=x,y,z ij 

where the generalised mean field that occurs in the mode equations is defined 

by 

^ij = .9 E ^"" J" '^"i '/'" (68) 

ran 

and is quadratic in the mode functions. Thus we find that the condensate field 
annihilation operator satisfies the equation 

I 

~9 E ^H^^tni3n(l>*„,(l>n<Pjai (69) 

ijmnl 



using f ^c(r) = 0. 
However from P^ 



ai= Jds(t>tis)^c{s) (^-1,2) (70) 



so that the condensate field operator satisfies the integro-differential equation 



-V2 + y)*c(r) 
2m 



-9 E -^i7^^""j«C(r)'/'n(r)0j(r) 

ijmnl 

X I dsq^:is)^cis) (71) 
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Hence operating from the left with ^Arc(r)'l' and integrating over r we find that 
-g Y, Xl^^Y.rajn J dr $Arc(r)t 0;, (r)0„ (r)^, (r) J ds^^{s)^c{^) 

ijmnl 

= -9J2 ^U^Y^m3n j dr^ Nc{v)U*m{v)^n{v)(j),{^) 

ijmnl 

X fds<p;{s)^cis) (72) 



since the first term on the right hand side is zero because the condensate mode 
functions (/i^ (r) are orthogonal to the non-condensate mode functions (f>l. (r ) 
that are present in the expansion of the non-condensate field operator ^jv(7(r)^. 
Thus we can write 

Jdr^Nciry U-^V^ + v\^c{r)\ ^-^ 1 1 dvdsFir,s)^Nc{r)^^c{^) 

(73) 
where the kernel F{r,s) is an ordinary spatial function of two positions and is 
defined by 

^(r,s)- J2 X,7ir„„,„0:„(r)0„(r)0,(r)0r(s) (74) 

ij'mnl 

Note that this kernel is not symmetric in r, s. 
Taking the adjoint of the last equation gives 

y rfr I (-I^V^ + v) $t^(r)| $^c(r) - -^ J J dr dsF*(s,r)$c(r)t$^c(s) 

so the term H2 can now be written as 

H2 = -|yrfrds^F(r,s)$Arc(r)t$c(s) 
dr^ 



^Nciry { + ^$c(r)t$c(r)$c(r)} 
dr { + ^$c(r)t$c(r)^$c(r)}$Arc(r)) 



drds^F*(s,r)$c(r)t$^c(s) (76) 

This eliminates the awkward terms involving integrals of '9 nc with the spatial 
derivative of ^c (and the adjoint expressions). These would lead to Fokker- 
Planck equations with functional derivatives with respect to spatial derivatives 
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of field functions, which cannot be treated in the standard approach. However, 
the term H2 now involves double spatial integrals of field operators, and these 
require special treatment. 

We can write H2 as the sum of two terms, one involving field operators to 
the second order, the other involving field operators to the fourth order. Thus 

H2 = H2U4 + H2U2 (77) 

H2U, - ^yrfr($j^p(r)$t^(r)$c(r)$c(r)) 

+^|dr($t,(r)$t^(r)$c(r)$^c(r)) (78) 

H2U2 = -^ J J drdsF{v,s)^Nc{rV^c{s) 

-^ 1 1 drdsF*{s,r)^cir)^^Ncis) (79) 

Note that both terms are proportional to the factor gj^/N. Thus we see that 
H2 is now associated only with terms analogous to those for boson-boson inter- 
actions, both H2Ui and i?2C/2 being proportional to gj\j/N . 

2.5.2. Single Mode Case 

If only a single condensate mode was involved the development of H2 is 
simpler. From (|63p and (j24p similar procedure to the two mode case gives 

^^S/^ + v] ^c{r) ^ -thMr) J ds (^'/'i(b)) $c(s)-.9(A^ - 1) |0i(r)|' $c(r) 

(80) 
so that using the orthogonality of the condensate mode to all the non-condensate 
modes 

= -zhj dr ¥^cir) Mr) I ds (^0t(s)) *c(s) 
-ldr^^^^{r)g{N-l)\Mr)\'^c{r) 

= -ldr^^^c{r)giN~l)\Mr)\'^c{r) (81) 

This result may also be recognised as a special case of ([75)1 . Using the special 
forms in ([M)) for the Xj^^^Yimjn we have 

F(r,s) - l7V(iV-l)0t(r)<^i(r)0i(r)0*(s) 

- (7V-l)0t(r)0i(r)Jc(r,s) (82) 

-^ J J drdsF{r,s)^Nc{r)^^c{s) = - J dr^Nc{r)^ giN ~ l)\Mr)f ^c{r) 
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as before, where a result from (P^ has been used to evaluate the s integral 



We can use (1511) and the related adjoint equation involving ^|^(r)g(A^ — 1) |0i(r)| \l'Arc'(r) 



to simplify H2 into a form 

H2 = yrfr($j^^(r)^{$t^(r)$c(r)-($L(r)*c(r))}$c(r)) 

+ ydr($t^(r)^{$t^(r)$c(r)-($J;(r)$c(r))}$Arc(r))(83) 

where we use the notation /vli^(r)^^c(r) ) = (A^ — 1) |'/'i(r)| • We see that for 

the single mode condensate case H2 is also the sum of a term H2U4 which is 
fourth order in the field operators and a term H2U2 which is second order. 

H2 = H2Ui + H2U2 (84) 

H2U, = ^yrfr($j^p(r)$t^(r)$c(r)$c(r)) 

+ ^ I dv {%{v)%{v) $c(r)$^c(r)) (85) 

H2U2 = -^ydr($j^^(r){($t^(r)$c(r))}$c(r)) 

-^ydr($t^(r){($t^(r)$c(r))}$A.c(r)) (86) 

Thus we see that if 2 is now associated only with boson-boson interaction terms. 
However, unlike the two mode condensate case there is no double spatial integral 
involved. The general form of the development for if 2 is a simpler version of 
the result ([77)) for the two mode case. 
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3. Phase space distribution functional 

In this section the phase space distribution functional is introduced starting 
with the characteristic functional. The distribution functional is of a mixed 
type, with the condensate fields involving a generalised Wigner form, whilst the 
non-condensate fields involving a positive P form. This is to reflect the fea- 
ture that many bosons occupy the condensate modes, so a Wigner distribution 
is better suited since it descibes fields whose behaviour is close to a classical 
mean field situation. On the other hand, there will be few bosons occupying the 
non-condensate modes, hence a positive P distribution is better, since the non- 
condensate fields may display quantum behaviour. In this section we emphasise 
how the phase space distribution functionals determine the quantum correla- 
tion functions which are used to describe the probabilities for bosonic position 
measurements. The theory in this section is set out for the two-mode situation, 
but can be easily modified for the single mode condensate by just restricting 
the sums over condensate modes to a single term. 

3.1. Characteristic Functional 

From the density operator p and by introducing four distinct functions 
^J(r),^C'(r),^^^(r) and £,nc{i^) associated with the field operators 
\['c(r), ^^(r), ^Afc(r) and '^*^(j{y) respectively, we define the characteristic 
functional x[Cc(r), Cc(i")' Cjvc(r), C^c('')] ^^ 



with 



xKc, C5, Cjvc, ad = Tr{pn[^c, ^5, iNC, Cc]) (87) 

Q. = VLc?Inc (88) 

nc = expy"drz{^c(r)$^(r) + $c(r)^J(r)} (89) 

^Nc = exp f dri{^Nc{r)¥Nci^)}('^P f dri{^Nc{r)CNc(^)} (90) 

Thus this mixed characteristic functional is of the Wigner type for the conden- 
sate modes and of the Positive P (P^) type for the non-condensate modes. The 
basic idea of a functional is explained in Appendix B f|82|) but essentially a 
functional F[^{x)\ of a field function 4'{x) just defines a process that results in 
a c-number which depends on all the values of the field function, that is over 
the entire range of positions x. 
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If the mode expansions are used with 



ec(r) = 6 -^iW +602(0 (91) 

e+(r) = <j,l{r)C+ + cP;ir)C+ (92) 

K 

Civc(r) = 5] 6'/'fc(r) (93) 

ac(r) = E ^Ur)Ci (94) 



fe#1.2 



then we have 



Uc = expij^aj +ai^j^ +6aJ + 02^^} (95) 

Oatc = expz E ^'^l expi E "fe^fe^ (^^) 

fc5!il,2 fc#l,2 

This shows that the characteristic functional xi^Cy Cci CwCi C^vc] ^^ ^^*''-' ^ char- 
acteristic /itnciion Xb{£,i,^t i^'ii^t 1 --'^k,^^ , ■■) of the c-number expansion coef- 
ficients, a resuh that is important in deriving expressions based on functionals. 

3.2. Quasi-Distribution Functional 

For double phase space distributions as in the present case the quasi- distribution 
functional P[tpc (r) , ^c ('') ' V'JVC (r) , ip^c i^) ' ^c (i") ' "^c* (^) ' ^*nc i^) ' '^nc i^)] ™- 
volves four field functions ■0(7(r),-0j(r),^7vc(r), V'jvc('^) corresponding to the 
field operators ^c'(r), ^J;(r), ^Arc(r) and ^]^(-,{r) respectively, plus their com- 
plex conjugate fields tp'^{r),ip(^*{r),il)'^^{r),ip^*^{r). It is chosen to give the 
characteristic functional x[^c'(r),Cc(r),CAfc(r),C7vc('^)] ^^^ ^ functional inte- 
gration process over the four complex field functions, the integration also incor- 
porating an exponential factor, which may be written as 

expi / dr {^c'(r)i/'c (r)+V'c(r)Cc (!■)} cxpi / dr {^Ncir)ipNci^)} cxp i J dv {V'wc(r)^^c(i^)}- 
Thus 

x[Cc(r),eJ(r),eArc(r),e^c(r)] 

xP[V'c(r),V^(r),Vivc(r),^+c(r),^J(r),^+*(r),V'^c(r),V'^c(r)] 
X expi / dr{^c(r)V'c(r) + V'c(i-)Cc(r)} 

X expi / dr{^wc(r)V'wc(i")}cxpJ / dr {7/;Arc(r)C^c'(r)}. (97) 

The justification of this important result is set out below. Note that the quasi- 
distribution functional is not necessarily unique, it is only required that the 
above functional integral gives the characteristic functional, (which is unique). 
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In the present case we will use a weight function of the form based on Eq.(B.60), 
but adapted to there being eight real fields, rather than four as in Appendix 
B.8. 

(98) 
The power law (Ar^)^ arises because each field contributes (Ar^)^/^. 

Functional integration is fully explained in Appendix B ([82]), but a brief 
summary is as follows. If there are n modes then the range for each function 
^(cc) is divided up into n small intervals Axi = 2^i+i —Xi (the zth interval, where 
e > jAxil), then we may specify the value tpi of the function 'il'{x) in the ith 
interval via the average 

V'« = ^^— / dx^P{x) (99) 



Ax, 

A Si 

and then any functional Fliplx)] may be regarded as a, function F{Tpi, "02, ••, V'ij --j V'™) 
of all the ipi, and ordinary integration over the rpi is used to define the func- 
tional integral. If each function ip{x) = ipx{x) + iipy{x).\s written in terms of its 
real and imaginary parts, then the functional integration becomes an ordinary 
integration over the values ^pix , ipiy of these components in each interval i of the 
function _F(?/;i, '02, ••, V'ij --j V'n) rnultiplied by a suitably chosen weight function 

W{i>i,1p2,-,'ipt,-,1pn)- Thus 

D'^tljF[ip{x)] = lim lim / . . . / (fifji(filj2--d'^ipi--(fitpnw{ipi,ip2,--,il^i,--,'4'n) 

Xi^(V'l,V2,..,V'«,-,V'n) (100) 

where the number of modes is increased to infinity along with the space interval 
decreasing to zero. The symbol D'^i/; stands for (PtfjicPtfj2--d'^4'i--d'^'4'n w{'ipi, .., 0^, ..,-(/'«), 
where the quantity d^^i means dipixdipiy. The present case involves a generali- 
sation to treat four complex fields V'c(r), V'c('')''^jvc(r), ■0ivc('')- 

To justify the characteristic functional result ((97|) mode expansions for the 
field functions are used with c-numher expansion coefficients a^, a^ 



(101) 
(102) 

(103) 
(104) 



The P+ quasi-distribution functional 

P[i(jc (r) , i^c (i") ' ^NC (r) , 'ipNc (r) , V'c (i") , V'c* (r) , V-^c (r) , ^n*c (i")] ^o^ld then be 



V'c(r) = 


= ai(/)i(r) +a2(/>2(r) 


^+{v) . 


= </)t(r)a++0*(r)a+ 


'jvc(r) = 


K 

= ^ afc0fc(r) 




k^l,2 




K 


'^c(r) = 


- )L.ru{r)at 




k^\.2 
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equivalent to a distribution /MnciJon Pf,(ai, a^, --Tak, a^ , ••, al,af*, ..,a^., a^*, ..) 
of the c-number expansion coefficients and tlieir complex conjugates. For dou- 
ble phase space representations of bosonic systems the connection between the 
characteristic function Xbi^i, ^t , ^2, ^2 ■■■• ^k, ^^ ■> ■■) ^^'^ ^^^ distribution function 
via a phase space integral has been established by Drummond and Gardiner 



83|, [8j|. The characteristic function is given by 



= . . . d aid a^d a2d a2 --d akd a^ --d and a^ 

xii,(ai,ai ,..,afc,aj.,..,ai,ai ,..,af,,a^. ,..) 

n n 

xexpi^{^fca+} expi^jafc^^} (105) 

k=l k=l 

where Uk = akx + ictky, a^ = atx + ^'^ty ^^^'^ ^'^^k = dakxdaky, d'^a^ = 
da'^^ daf. If the phase space integration is replaced by functional integration 
we can show that Ea. (|105l) leads to the result ^7} . which thus demonstrates 
that the distribution functional exists. The change from phase space integration 
to functional integration is outlined in Appendix B.8 (see Appendix B, [82]). 
In deriving the functional integration result for the characteristic function the 
expressions 

n n 

expiate a+} = expi ^ {^a/} expi ^ {^ka+} 

k=l J = l,2 fe#l,2 



expi / dr{^c(r)^c(r)} expi / dr {S^NcirjipNci^)} 



expj^lafcd = expi ^ {ajC+} expi ^ {afcCi!"} 

fc=l j=l,2 ^5^1,2 



expi 



/ dr{tpc(r)£,^(r)} expi / dr {tpNc{-r)£,^c{r)} 



are used. 

Note that as each field can be expressed in terms of its real and imagi- 
nary components, the distribution functional involving the four fields and their 
conjugates may also be considered as a functional of the eight real, imaginary 
components. 

P[V^c(r),^+(r),Vivc(r),V+c(r),^cW,V'J*(r),V^^cW,V'^*cW] 
= F [iJcx (r ) , -0CX (i") ' i^Ncx (r ) , i^^cx (i") > i^CY (r) , i^cY (r) , V'Af cy (r ) , i^NCY (i") 

This form of the distribution functional is analogous the corresponding form 
for the distribution function, which has been used as the basis for deriving Ito 
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stochastic equations for the real, imaginary parts of the phase variables J83| . 

a. 

b(ai,ai ,..,afe,aj., ..,«!, a^ ,..,a^,a^. ,..) 
= Fb{aiX:aix:--,o;kX:a^xT-T'^'^yT^iYi--y^kY,a'I^Y^--) (106) 

3.3. Interferometric Measurements 

Coherence effects in BECs are described via Quantum Correlation Functions 

G^(ri, r2, .., r^; Sat, .., S2, s^) = {J $ (ri)^ ..$ (rAr)^ $ (sjv) .. $ (si) 
= rr(p(i)$(ri)t..$(rAr)t$(sAr)..$(si)) (107) 

Various BEC spatial interference effects can be described via quantum correla- 
tion functions, which thereby specify the spatial coherence effects. 

If we interchange coordinates of a pair of bosons, say (ri,Sj) -f-?- (rj,s) we 
see that because the commutation properties of the bosonic field operators, the 
quantum correlation function is unchanged. The symmetrization principle for 
bosonic systems is consistent with measured quantities remaining unchanged 
due to interchange of identical particles. 

The quantum correlation function with r^ — s^ (i = 1,...,A'^) measures the 
simultaneous probability of detecting one boson at ri, a second at r2, .., the 
iVth at Tat, ([28|. Actual measurements of quantum correlation functions may 
be made via scattering a weak probe beam (atoms, light) off the system, ([29|. 
If the field operators are written as the sum of condensate and non-condensate 
terms, then the quantum correlation functions will contain purely condensate 
terms, purely non-condensate terms and mixed terms involving both condensate 
and non-condensate operators. 

The quantum averages of symmetrically ordered products of the condensate 
field operators {^p(ri)^]^(r2)....^p(rp)^(7(sq)..^c(si)} and normally ordered 
products of the non-condensate field operators 

\l/JY(^(ui)\I>jyp(u2)....^JYc(ur)^Arc(vs)..^Arc(vi) may then be cxprcsscd as func- 
tional integrals of the quasi-distribution functional 

P [iPc (r) , V'c (r) : i^NC (r) , V'^p (r) , V-c (r) , V'c* (j") ' V^wc (^ ) , i^NC i^)] with products 
of the field functions. Thus, with (s) = Tr{pE.) 



^{$t^(ri)....$^(rp)$c(s,)..$c(si)}$Jvc(ui)--*]vcK)*Jvc(v«)..$jvc(vi)^ 
Tr(p{$^(ri)....$[.(rp)$c(s,)..$c(si)}$]vc(ui)--*]vcK)*wc(v.)..$Arc(vi 

Jill D^i^c -DVc D^^nc D^^Jj+c 

xP[V'c(r),Vj(r),V^c(r),V4c(r),V'&(r),V4*(r),V'^c(r),^^cW] 
x-0+(ri) ■(/'c(i"2) •■'0c(rp) V'clsg) ..■0c(s2)-V'c(si) 

xV-^cCui) i'Nci^^) ■■'4'Nci^r) i^Nci^s) ■■1pNc{-V2) ^JNci^l) (108) 
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and where 

{$t(ri)$t(i.2)....$t(i.p)$(s^)..$(s,)} 

= J^^J2mHrl)^Hr2).■.■^Hr,)^is,)..^{s^)). (109) 

R 

In Ea. p09[) the sum over R is over all {p + q)! orderings 5ft of the factors 
$^(ri)$^(r2)....$^(rp)$(s,)..$(si). Thus, the condensate field operator $^(ri) 
is replaced by ^p'^{ri) and ^c'(sj) is replaced by ip{sj), with analogous replace- 
ments for the non-condensate field operators. The proof is given in Appendix 
C( 



B( 



82 1) and involves functional differentiation, which is explained in Appendix 

m- 

These results together with the equal time commutation rules give the quan- 
tum correlation functions. For example, the first order quantum correlation 
function (which is used to exhibit macroscopic spatial coherence in a BEC) is 
given by 

Gi(ri;si) 

$(ri)t$(si) 

$c(ri)^ $c(si)) + ( *c(ri)^ *jvc(si) 

$Arc(ri)^ *c(si)) + ( $jvc(ri)^ $Arc(si) 



{ $c(ri)t $c(si)} - i<5(ri - s^)) \ + ( {$c(ri)^} ^nc{si) 

$Arc(ri)^ {$c(si)}) + (^ $Arc(ri)^ *Wc(si) 



xP[^c(r),^+(r),Vivc(r),V4c(r),V'c(r),V'J*(r),V'^c(r),^^c(r)] 
x(V4(ri) -I- ^+c(i-i))(V'c(si) + VArc(si)) (110) 

and includes pure condensate terms, pure non-condensate terms and mixed 
terms. Note the delta function term which arises because of the difference 
between normal and symmetric ordering that applies for the condensate terms. 
It is worth noting that some authors |40|, 4l|, [42| determine the mode 
functions as the eigenfunctions of the first order quantum correlation function 

\&(ri)'l' ^(si) ). Thus the mode functions ipi{r) satisfy the eigenvalue equations 



/ dsi ( $(ri)t $(si)) (^,(si) = A,(^,(ri) (HI) 

The mode functions can be shown to be orthonormal and the eigenvalues real 
and positive. The eigenvalues give the occupancy of the modes. For two mode 
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condensates in a general fragmented state, two such eigenvalues will have macro- 
scopic values ~ N and the other modes will have small eigenvalues. This approach 
to determining the mode functions has certain formal advantages, such as lead- 
ing to the H2 term in the Hamiltonian being zero. However, the method would 
require knowing the first order correlation function, and it is not clear how this 
could be done prior to knowing the mode functions. In the present approach 
the formalism is designed as a way to determine all the quantum correlation 
functions. 
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4. Functional Fokker-Planck equation 

In this section we sliow liow tlie Liouville-von Neumann equation for the 
quantum density operator describing tire state of tire bosonic system is equiv- 
alent to a functional Fokker-Planck equation for the phase space distribution 
functional. This is accomplished via the use of correspondence rules, wherein 
the product of the quantum density operator with the various condensate and 
non-condensate field operators (for both product orders) is equivalent to the 
operation of functional derivatives or field functions on the distribution func- 
tion. The actual results for the functional Fokker-Planck equation in the case 
of the present two mode BEC condensate system are set out at the end of the 
section. For completeness the corresponding simpler results for a single mode 
condensate are also obtained. 

4-1. Dynamics 

The state of the bosonic system is described by the density operator p which 
satisfies the Liouville-von Neumann equation 

ih-^^p=[H,p] (112) 

where the Bogoliubov Hamiltonian |37] will be used. 

The approach used will be to turn the Liouville-von Neumann equation for 
the density operator p into a, functional Fokker-Planck equation for a quasi distri- 
bution functional P[ipcir), V'c(r)>wc(r), V'^c(i")' V'c(r), ^c*i^)'i'*Nci^)^^Nci'^)] 
and then replace this by stochastic equations for stochastic field functions 

t/'c(r,i),-!/'c(r,i),i/'7vc(r,i), V'Arc('"'^)- ^^^ latter are c-number Langevin equa- 
tions of the Ito type, and in general will contain random noise terms as well as 
deterministic terms coupling the field functions. 

4-2. Correspondence Rules 

We now wish to replace the Liouville-von Neumann equation for the den- 
sity operator by a Functional Fokker-Planck Equation for the quasi distribution 
functional. To do this we make use of so-called correspondence rules, in which 
the effect of a field operator on the density operator corresponds to the effects 
of functional differentiation and/or function multiplication on the distribution 
functional. 

Functional differentiation is fully explained in Appendix B ([82]), but a sum- 
mary is as follows. For a functional F[il;{x)] of a field ip{x) the functional deriva- 
tive sM^) is defined by 

F[i;{x) + S^{x)] = F[V(x)] + I dx di^ix) (^f^^) (113) 

where 5ip{x) is small. In this equation the left side is a functional oiil!{x)-\-S'4'{x) 
and the first term on the right side is a functional of ip{x). The second term on 
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the right side is a functional of dip{x) and thus the functional derivative must 
be a function of x, hence the subscript x. In most situations this subscript will 
be left understood. If we write Sip{x) = eS{x — y) for small e then an equivalent 
result for the functional derivative at x — y is 

f6F[^{x)]\ ^ ^.^^ / Fmx) + eS{x - y)] - F[,p{x)] \ ^ ^^^^^ 



\ S')p{x) J __ e^O 



x=y 



Note that for functionals involving both ip{x), '>p*{x) we treat these complex 
fields as independent, and functional derivatives with respect to both ipix), 
ip*{x) exist. Thus 

F[V'(x) + 6tp{x), i}*{x) + 5i}*{x)] 

(5F[ij{x),tl)*{x)] 



F['4)(x),'iIj*{x)] + / dx5ilj{x) 



\ 5ip{x) 



For the equivalent functional G[^x(a;), V'i'(2;)] = F['tp{x),^*{x)\ involving the 
real, imaginary components ipx {x) , ipv {x) the functional derivatives are defined 

by 

G[^x{x) + 5iI)x{x),iI)y{x) + 5^y{x)] 

V Hy{x) J^ 

The present case involves a generalisation to treat four complex fields 

V'c (r) , V^c (>") ' ^NC (r) , V'^p (r) . 

4-2.1. Notation 

As the notation is now getting rather cumbersome we will designate 

V^(r) ^ {V'c(r),V'^(r),V'^c(r),^^c«} (117) 

rS^) ^ {^J(r),V'^*(r),V'^^(r),^+*c.(r)} (118) 

(119) 

^(r) ^ {ec(r),ej(r),e^c(r),e^c«} (120) 

X[^(r)] ^ x[ic.ii,iNC.itjc] (121) 



P[^(r), V^(r)] ^ P[i>c{v), V^(r), VArc(r), V-^cCr), ^c(r), V'J*(r), rNc{^).^fci^)] 
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for the fields and the distribution, characteristic functionals. For the expansion 
coefficients and the distribution function we introduce the notation 

4 = {«fe,«^} (122) 

^* EE {al,a+*} (i23) 

Pfc(^,^*) = P,iak,a+,al,a+*) (124) 

P[^(r),^(r)] = Pb(4,4*) (125) 

where the original functional 

P[^c (r) , V^ (r) , 4'NC (r) , V^c (r) , % (r) , ^t* (r) , V-^c (r) , ^Pc (r)] of the fields 

^c (r) , V'c (»■) ' V'AfC (r) , -iA^c (i") a-iid their complex conjugates '({}*(. {r),ip+*{r),ip*j^c{r), V-^p (r ) 

is equivalent to the function Ph(Q;fc, a^, a^, a^*) of the expansion amplitudes 

ak,a~l^ and their complex conjugates a*f,,a^*. 

4-2.2. Correspondence Rules for Condensate and N on- Condensate Fields 
For the condensate operators we have 

V 2,5Vc(s)/ ^ -^ 

P^cis) o (v^c(s)-i^)p[V;(r),V^(r)] 

P*^(s) ^ (V'c(«) + ^^^)^[i;W,V:;(r)] (126) 

and for the non-condensate operators 

^Nc{s)p O (V'jvc(s))P[^(r),^*(r)] 

^- — y 

Kci^)p - (^^c(s)-^)p[V;(r),^(r)] 
P*^c(s) ^ (V^c(s))^[^W,^(r)] (127) 

whilst for the density operator 



g^ dP[^{r),r{r)] 

— — > — — 

dt dt 



(128) 



4.2.3. Deriving the Correspondence Rules 

The proof of these correspondence rules is dealt with in Appendix D ([82|)- 
Key steps in the derivation include first establishing the following changes to 
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the characteristic functional. For the condensate modes we have 
and for the non-condensate modes 



$jvc(s)p 


^ 


1 

i 


pJa'cIs) 


o 


1 


$]vc(s)p 


o 


1 


^jvc(«) 


4-> 


1 
i 



s 

5 
6 



xUir)] 
1 -> 




-eArc(s)) 


X[^(r) 


-eNci^)) 


X[^(r) 







(130) 



As can be seen from eqs. (|1011 I102[ 11031 I104p the distribution function 

P['^C (r) , V'c (i") ' V'wc (r) , V'^i^c (i") - '^c (i") ' ^fll'") ' '^*nc (i") > ^wc (i")] is a functional 
of restricted functions (see Appendix B, [82|)- It can also be considered as a 
function Pf,(afc, a^, a^, a^* ) of all the expansion coefficients afc, a^ in eqs. (jlOli 
11021 11031 I104p and their complex conjugates a].,a^* . Hence in applying the 
correspondence rules the following operator identities for the various functional 
derivatives can be used 






d f 5 \ x^ ,._ 9 



(^)7w [j^^z:7r^) ^ T. <^l^) 



(131) 



where it is understood that the left side operates on the distribution func- 
tional P[V'c(r),^J(r),V7Vc(r),V^cW,'^cW>^*(r),V'^c«,^^cW] of the 
restricted functions i/'c (r) , "^c (i") ' V'nc (r ) , '/'wc (i") ' V'c (i") ' V'c* (r) > '4>*nc ('') > '^Vc (>") 
and the right side operates on the equivalent function P\j{ak, a^ , a^, a^* )• The 
related identities for the functional differentiation with respect to the complex 
conjugate fields also exist, but are not needed because the correspondence rules 
only involve functional derivation with respect to ipc (r) , ipt. (r) , iI^nc (r) , V'tvc (*") ' 
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and any functions arising from the multiplications are only functions of these 
fields and not their complex conjugates. 

In deriving the correspondence rules that result in functional differentiation 
a key step involves a functional integration by parts of the form 



(132) 



where 



G[iAv)] = expi/drUc(r)Vj(r)+V^c(rK^(r)} 



xexpzy"dr{^c(r)^^(r)}expzydr{^jvc(r)^]tcW}(133) 

is a functional of the four fields ■0(7(r),-0c(r), -i/^jvc (r) , V'tvc (*") ^'^'^ i^{'^) refers to 
any one of these. This step relies on the distribution function Pf, (a^ , a^ , a^ , a^* ) 
going to zero on the boundaries of phase space, an assumption common to 
all correspondence rule derivations. Note that the functional differentiation of 

P[ii}c (r) , V'c (i") ' ^NC (r) , li^jfc (i") ' V'c (r) , V'c* (r) , V^^c (r) , ^n*c (i")] is well-defined, 
since ^[-0 (r), V'*(r)] is a functional of both the fields and their complex conju- 
gates. 

4-2.4- Real and Imaginary Field Components 

Note that because G[ip (r)] does not depend on the conjugate fields, its 

functional derivative with respect to any V'*(r) is zero. Thus we also have 
= JJJJ D'^c D^+ D^r^c D'i^+c ( ^^?(^) ) ^[ V;(r), V^(r)] 



D^ijc D^ij+ D^^NC D^i^+cG[^ i^)] ^7^n5r |(134) 



'SP[^ir),r{r)] 

— r — 

Silj*{r) 

Adding an arbitrary multiple A of the last equation to each side of (I132|) gives 

/SG[^{r)]\ 

D^t^c D^t^+ D^^NC D^ij+c G[ V;(r)] 
/<5P[^(r),V^(r)] 5F[^(r),V^(r)]\ 
[ 6^) +^ WW) j ^^^^^ 
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Noting that we can write the field in terms of its real, imaginary components and 
replace the distribution functional P[')p (r),'0*(r)] with an equivalent functional 

-F[V'x(r),'0y(r)] of the components 

■0(r) = Vx(r) +iV'y(r) ^p*{r) = ^px{r) - i^pvir) 
V-xW - (V'(r)+V^*(r))/2 ^Y{r) = {^{r)~r{r))/2t 

V^(r) = {■0cy(r),'0cy(r),-0Arcy(i-),'(/'j^cy(r)} (136) 

P[^(r),^(r)] = F[^Px{r),iJY{r)] (137) 

then a straightford application of functional differentiation rules shows that by 
choosing A = lorA = — 1 we have 

/(5G[^(r)]\ 
D'i^c D'i^+ D^i^NC D'i;+^, f ^^^^ j P[^(r),^(r)] 

/SF[-iPx{r),i^Yir)]\ 

(138) 

/<5i^[^x(r)>y(r)]\ 

(139) 

This shows that functional differentiation of the distribution functional with re- 
spect to ■0(r) is equivalent to functional differentiation of the related distribution 
functional F[ipx{^), V'i'(r)] with respect to either ipx{^) or i'(/;y(r). This feature 
is useful if we wish to replace the fields by their real, imaginary components. 

4-2.5. Applying the Correspondence Rules 

In dealing with terms in the Liouville-von Neumann equation the density 
operator is often operated on by more than one field operator. To determine 
the overall effect on the quasi distribution functional it is necessary to carry 
out the above replacements in succession. A couple of examples illustrate the 
proceedure. 

$J^^(S1)P$C(S2) 



$^(si)p$c(s2) 
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Using the rules for functional differentiation we see that the differentiations can 
be carried out in either order. 

In applying these rules to the BEC problem^ the following functional deriva- 
tive results can be obtained (see Appendix B, [82]) The general functions ■!/)(r) 
and ip~^ (r) each were used to cover the results for condensate and non-condensate 
modes. For the case where ip{r) = ipd'"^) the restricted set K refers to the 
modes ^i(r) and (/)2(r), and for the non-condensate case where tp{r) = tpNcii^) 
the restricted set refers to the remaining modes 0fc(r). For the case where 
ip^ir) = tpci^) the restricted set K refers to the conjugate modes (pKr) and 
(^2(1"), and for the non-condensate case where ip~^{r) = 'tp^(^{r) the restricted 
set iir*refers to the remaining conjugate modes (/'^(r). Because the coefficients 
are unrelated we are dealing with functionals such as the distribution functional 
P[tp (r),^*(r)] in which the functions ■(/'c(r), ipQ{r),tp]\fc{'r), ip^Q{r) are mutu- 
ally independent. 

X 



TT^^^W - _i_V>c(r) = (140) 

with four other results obtained by replacing C by NC. Note the reverse order 
of r, s in the second result. Similarly the functional derivatives of condensate 
fields with respect to non-condensate fields are zero, and vice-versa. Thus 



-^+c(r) = -^—^^c{r)=0 (141) 



with four other results obtained by interchanging C and NC. 
The product rule for functional derivatives 

^ (i^[^(r),V+(r)]G[^(r),V+(r)]) 



(SV'(s) 



(^^[^(r),V'+(r)])G[V^(r),V+(r)]+F[V'(r),V+(r)](^G[V(r),V+(r)]) 
^ -(F[V(r),^+(r)]G[7/^(r),^+(r)]) 



(5V+(s) 

= (^^J^[^(r),^+(r)])G[^(r),^+(r)]+^[V^(r)>+(r)](^^G[V'(r)>+(r)]) 

(142) 

is also needed. Here -0(r) refers to either V'c(r) or 'ipNci^) ^^^ V'^(r) refers to 
either ip^i^) °^ ^Nci^)- 
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In addition the standard approach to space integration gives the result 

fds{d^C{s)}^0 (143) 

for functions C(s) that become zero on the boundary. This then leads to the 
useful result involving product functions C(s) — yl(s)_B(s) enabling the spatial 
derivative to be applied to either A{s) or B{s) 

I ds {d^A{s) }B{s) = - f ds A{s) {d^Bis) } (144) 

We can assume that the V'(s) and ip~^{s) become zero on the boundary, since 
they both involve condensate mode functions or their conjugates that are lo- 
calised due to the trap potential. Also the functional derivatives produce linear 
combinations of either the condensate mode functions or their conjugates (see 
(|13ip ) so the various C(s) that will be involved should become zero on the 
boundary. 

The results in this section also apply to the single mode case with obvious 
modifications, the sums over condensate modes now restricted to fc = 1. 

4-3. Condensate Functional Fokker- Planck Equation 

The functional Fokker-Planck equation may be written in the form 



^P[V;(r),V^(r)] 

|p[^(r),V^(r)])^^+(|p[^(r),^(r)]^^^ 

+ (|p[^(r),^(r)])^^ (145) 

This is the sum from the terms in the Bogoliubov Hamiltonian of order N , yN 
and l/vN respectively. The derivation of the results for the Fokker-Planck 
equation is carried out in Appendix E ('82'|). 

4.3.1. The Hi Terms 

The contributions to the functional Fokker-Planck equation from the Hi 
term, which is equal to the condensate Hamiltonian., may be written in the form 



^P[^{r),r{r)]) +(^PWr),r{r)] 

at ^ ^ /if 1/1' VOT -> — > /HIV 

^P[i,{v),r{v)]) (146) 
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of the sum of terms from the kinetic energy, the trap potential and the boson- 
boson interaction. Derivations of the form for each term are given in Appendix 
E ([82|)- Here and elsewhere 9^ is short for g|-. 

HIK Terms - Single and Two-Mode Condensates. The contribution to the func- 
tional Fokker-Planck equation from the condensate kinetic energy is given by 



h { J li*J(s) 






HI V Terms - Single and Two-Mode Condensates. The contribution to the func- 
tional Fokker-Planck equation from the condensate trap potential is given by 

|p[*(r),*;(r)l^^_^ 



t{+/*{4(« 



*•! T^:+7rT{^»*J(s)) K[*M'*:M1 > ("8) 



HI U Terms - Single and Two-Mode Condensates . The contribution to the 
functional Fokker-Planck equation from the condensate boson-boson interaction 
is given by 

at -^ ^ y Hit/ 

which involves first order and third order functional derivatives. The quantity 
(5c(s,s) is a diagonal element of the restricted delta function for condensate 
modes. 
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For the one mode case we note that 

I dsSc{s,s) = 1 (150) 

Sc{s,s) = IM^f (151) 

corresponding to there being a single occupied condensate mode. 
For the two mode case we have instead 

ds6cis,s) = 2 (152) 

dc{s,s) = \M^)f + \Ms)f (153) 

corresponding to there being two occupied condensate modes. 
The total condensate number given by 

D^ijc D^i,+ D^i^NC D^t^+c J ds(V+(s)V;c(s))P[ V;(r), ^(r)] (154) 

which is of order N. The result of order N for the last expression indicates that 
the important contributions to the functional integral are where the condensate 
fields are of order VW. Similar considerations for the much smaller total non- 
condensate number indicate that the most important contributions are where 
the non-condensate fields are much smaller than y/N. 

Similar expressions for the functional Fokker-Planck equation in the case of 
a pure Wigner representation (but not involving a doubled phase space) are 
given in the paper by Steel et al [55] (see Eq. (23)). Comparisons can be made 
after substituting ^^(s) with V'c(^)- ^'^ their result however, the restricted delta 
function (Sc(s, s) term in the condensate interaction contribution is replaced by 
1. For the single condensate mode case unity is of course the integral of the 
restricted delta function, but it is not equal to it. 

4.3.2. The H2 Term 

The contributions to the functional Fokker-Planck equation from the H2 
term, which is equal to terms in the interaction between the condensate and 
nan- condensate Hamiltonian that are linear in the non-condensate fields, may 
be written in the form 



|p|5(r).*;,r)l)^^_^^ + (|P[* (r),V4(r)l)^^^^ (155) 

These two contributions may be written as the sum of terms which are linear, 
quadratic, cubic and quartic in the number of functional derivatives. Derivations 
of the form for each term are given in Appendix E (|82|). 
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H2U4 Terms - Single and Two-Mode Condensates. The contribution to the 
functional Fokker-Planck equation from the H2U4 term is given by 

|:P[^(r),r(r)] 

Ol^ ^ —^ / H2U4 

^Pmr),rir)]) + (§-pmr),r{r)] 

01 ^ —> / H2U4 \Ol ^ — > / H2U4 

^P[^{r),r{r)]) +f^P[^(r),r{r)]) (156) 

01 ^ — > J H 2114 \Ol ^ — > J H2U4 

where 

^P[^(r),V^(r)] 



^ {^ t / '^ { (4(^J ^[^^^^^)^-^^) - '-^^' ^)]^--- i ^ ^^-' ^ 



-i \ , 9n f , ( f S 



— l + ^y ds |(^^^^j {[^+(s)V'+(s)]V'^c(s)}|P[^(r),^(r)] 

-^ |-^ y ds I (^^;^) {[V'J(s)^c(s) - fc(s, s)]Vc(s)}| P[ V;(r), V^(r) 
"^^ {(jvA^) {[V'c(s)^^(s)-<5c(s,s)]V'+(s)}|p[V;(r),V^(r) 



h \ N 



(157) 
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-P[^(r),V^(r)] 



9n 

' N 



-I \ , 9N 

N 



ds 



H2U4, 
S 



Si^+is)J \d,PNc{s)J '"'''' 



{^+(s)Vc(s)}yP[V'(r),V:(r)] 



ds 









-5c(s,s)^^P[^(r)>:(r)] 






\Hc{s)J \S^p+(j{s) 



S 



-<5c(s,s)^^P[^(r),V^(r)] 






(5 



•^V'cCs)/ V<5V'wc(s) 



{-^+(s)V+(s)} P[V;(r),^:(r) 



-^ 



(158) 



-P[^(r),^(r)] 



ft"\ N 

-i ( 9n_ 

' N 



ds 



H2U4, 
S 



Si^+{s)J \dtl^+{s)J \5ipcis) 



^ \^^^c(s)}f^[^(r),V:;(r)] 



ds 






(5V'c(s)/ V<5V'c(s)/ V<5V'c(s) 



^{iVivc(s)}j>P[V;(r 



#+(s); V'5^c(s)/ V'^^wc(s)y '4 

(5 \ / (5 



{-^+(s)}^P[^(r 



^ 



JV'cls)/ V'5V'c(s)/ V<5V'wc(^) 



^ \i^c(s)}^P[^(r 



-> 



(5 



(5V'(t(s)/ ySipcis)/ \dipNc{s) 
S 



^ \i^c(s)}^P[^(r 



-^ 



5tpc{s] 



1 



A/ + r Ay \A/+ r w{9^c(s)}^P[l(r 



),^(r)]| 


■),^(r)]} 


),^(r)]} 


),V^(r)]| 


),V^(r)]} 



(159) 
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|p[^(r),V^(r)]' 

ar — ^ — > / H2U4 



T { f / * { (^w) (^(i)) (i*^) (ja^Si) 's'} ''HW-SWI 



The contribution to the functional Fokker-Planck equation from the H2U2 
term is 



|p[^(r),r(r)] 

- (|^[^«,^«])^^^+(|p[^(r),V:;(r)])^^^ (161) 

H2U2 Terms - Two-Mode Condensate. For the two mode condensate case 
d 

H2U2 



^^P[^(r),V^(r)] 



n{ NJ J ^«^u|^^^^^j{F(s,u)^-,(s)}|P[^(r),^(r)] 
^ { + f / / .s .u { (-^) {F(u, s)* ^.c(u)}} P[^(r), ^ (r)] 



.^{ + f//.s.u{(-^){P(s,u)^.(u)}}p[^(r),^(r)] 



and 



^P[^(r),V^(r)] 

01 ^l- —i- / H2U2 

- H-'flhHidi^) (^) f^-<-"} ^ii«-*:«i 

These terms now involve double spatial integrals, and in the case of the quadratic 
term there are second order functional derivatives with respect to field func- 
tions at different spatial positions. This is different to the standard functional 
Fokker-Planck equation and requires special considerations for conversion to Ito 
stochastic equations for the field functions. The linear term is not so difficult to 
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(160) 



treat, though it still leads to an integro-difFerential equation. By changing the 
spatial variables we see that the linear term is 

(Ji^ ^ — > / H2U2 

-^TJ+f /'^ {(^)^/'"^("'^)*'^^-^")^} ^[^^^)'^(^)] 

(162) 

so the quantity inside the inner brackets is just another functional. The quadratic 
term is left unchanged except for interchanging positions to make the expression 
more symmetrical 

'Ji^ ~^ —^ J H2U2 

T{-f//--{(4(i))(»)'^-<-"}-'i<')'C<')l 



(163) 



H2U2 Term - Single Mode Condensate. For the case of a single mode condensate 
the result is simpler 



(Ji^ ^ — ^ / H2U2 



{($c(s)^$c(s)) ^^c(s)}| P[ti^),r^i^) 



^T { + f /^^ { (^) i{^cis)^^cis)) ^.c(s)}} P[^(r),^(r)]} 
^T {-f /^^ {(^) {(*-(^)^*-(^)> ^c(s)}} P[^(r),^(r)]} 

(164) 
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|p[V'(r),V^(r)]' 

OT — !> — 7> / U2U2 



-{"1^/* {(^S)) (s*^) (5 (*-(=)'*-<=))'} ^liM-^Ml} 






Derivations of the form for each term are given in Appendix E ([82]). We can 
show using the particular form of F{r, s) for a single mode condensate, that the 
results for the single mode condensate can be obtained from those for the two 
mode condensate (see Appendix E, [82^). 

4.3.3. The H3 Term 

The contributions to the functional Fokker-Planck equation from the H3 
term, which is equal to the sum of the kinetic energy and trap potential terms 
in the non-condensate Hamiltonian plus the terms in the interaction between 
the condensate and non- condensate that are quadratic in the non-condensate 
fields, may be written in the form 

dt ^ -^ y^3 

^Pmr),r{r)]) (166) 

dt ^ -^ Jh3u 

Derivations of the form for each term are given in Appendix E (|82|). 

H3K Terms - Single and Two-Mode Condensates. The contribution to the func- 
tional Fokker-Planck equation from the non- condensate kinetic energy term is 



|p[^(r),^(r): 



H3K 



t{-/*{5*J^ (S^^Wcw) P|*(r),V4(r)l' 



(167) 



^ I i 1 S-tpNcis) 



(165) 
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H3V Terms - Single and Two-Mode Condensates. The contribution to the func- 
tional Fokker-Planck equation from the non- condensate trap potential term is 

H3U Terms - Single and Two- Mode Condensates. The contribution to the func- 
tional Fokker-Planck equation from the H^jj term is 

^P[Mr),r{r)] 
|p[^(r),V^(r)]) +('|p[^(r),V^(r)]) (169) 

at ^ -> 7^3^ \dt -f -> 7^3^ 



where 



|p[^(r),^(r)] 

"'^ ^ ~^ / H3C/ 



T {'^I'^^ { (^V^) {[^^c(^)^c(s) + 2V^c(s)^+c(s)]^ivc(s)}| P[V;(r), V:;(r)] 
^ 1 + ^ y ds I (^^;^) {[2^c(s)^+(s) - fc(s, s)]V;+e(s)}} P[ V;(r), V^(r)] 



(170) 
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-P[^(r),V^(r)] 



h 



^l-f /* 



H3U 
6 






-P[^(r),^(r)] 









(5 






'5V'^( 






z!/+^/"dsl(' 



iV 






(^) (^) (^) {i^-(^)}}^[^ 



5 
S 



6 



5*£w) (*^) *5*'^'<'"} ''W 

5*s5; i5*lw) (^^*^) 4*'"'"'>} ''1^5 



(57/;c(s)/ \<5V'c(s) 



(172) 



9 



-P[^(r),^(r)] 



/ H3U 

^i ( 9n f , ( /" S \/ (5 \/ S \/ (5 \,1^ 



(171^ 



(173) 
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Derivations of the form for each term are given in Appendix E (|82|). 
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5. Ito stochastic equations 

In this section we show how the functional Fokker-Planck equations for the 
phase space distribution functional are equivalent to Ito stochastic equations 
for stochastic fields. This first involves truncating the Fokker-Planck equations 
to only include terms with at most second order functional derivatives. The 
stochastic fields are defined via the expansion of the phase space field func- 
tions in terms of mode functions and then treating the expansion coefficients as 
stochastic variables. The derivation of the Ito equations for the stochastic fields 
is based on well-known Ito equations for stochastic expansion coefficients. The 
Ito stochastic field equations are the sum of a deterministic term associated 
with the first order functional derivatives in the FFFE (the drift terms) and 
a quantum noise term associated with the second order functional derivatives 
in the FFFE (the diffusion terms). The two mode condendsate case results in 
non-local drift and diffusion terms, so a special treatment is required to derive 
the Ito equations. Results for the Ito equations for the stochastic condensate 
and non-condensate fields are obtained for the two mode condensate case. Also, 
the corresponding simpler Ito equations for the single mode condensate case 
are presented. In this section we emphasise how the phase space distribution 
functionals which determine the quantum correlation functions can then be re- 
placed by stochastic averages involving products of the stochastic condensate 
and non-condensate fields. 

5.1. General Results 

The derivation of Ito stochastic equations the the condensate and non- 
condensate fields is based on approximating the functional Fokker-Planck equa- 
tion by neglecting all terms involving third and fourth order functional deriva- 
tives. The justification for this is as follows. The condensate fields are of order 
viV in the regions of phase space important to the determination of the corre- 
lation functions via the functional integrals (|108p . whereas the non-condensate 
fields are much smaller. Hence terms like the third order functional deriva- 
tives in (|149p scale like \/N'^ whereas the second order functional derivatives in 
(|158p scale like 1/^/N . This enables all such third and fourth order terms from 
the functional Fokker-Planck equation based on the Bogoliubov Hamiltonian 
to be discarded. The resulting functional Fokker-Planck equation is then in a 
standard form involving just first and second order functional derivatives, from 
which Ito stochastic equations can be obtained. 

The remaining first and second order functional derivative terms that are 
left are referred to as the drift and diffusion terms respectively, and the Ito 
stochastic equations for the stochastic fields can expressed in terms of the drift 
and diffusion terms. The stochastic fields will be indicated with a tilde, V'c(s,Oj 
..,ip^(j{s,t). The Ito stochastic field equations are the sum of two terms. The 
first is obtained from the drift term in the functional Fokker-Planck equation and 
is the so-called deterministic term, the second is obtained from the diffusion term 
and is the stochastic noise term. The stochastic fields are expanded in terms of 
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a convenient set of real,orthonormal mode functions, with the expansion coeffi- 
cients regarded as stochastic quantities. The original stochastic noise terms in 
the Ito stochastic field equations depends on two types of stochastic quantities. 
One type are stochastic space dependent fields that involve the mode functions 
and quantities depending on the stochastic expansion coefficients that are ob- 
tained from the diffusion terms. The other type are time dependent stochastic 
Gaussian-Markov noise terms that would be the noise terms in Ito equations for 
the expansion coefficients. The derivation of the Ito equations for the stochastic 
fields is based on well-known Ito equations for stochastic expansion coefficients. 
Details of the derivation of the Ito stochastic equations are given in Appendix 
F ([84I). Here we will summarise the key features and results. 

5.1.1. Symmetric Form of Functional Fokker-Planck Equation 

The derivation begins with the functional Fokker-Planck equation set out 
in Section |31 but now with all terms having functional derivatives of third and 
fourth order ignored. For convenience we now introduce a simpler notation for 
listing the fields, namely we list ^c = '4'c-^'4>c — '4'c+,'^nc = '4'nc-j'4'nc — 
tjJNC+ as ■01 , ^"2 , i/'3 , ■04 respectively. Now with V) (r ) = { V'l (r) > '02 (r) , "03 (r) , '04 (r) } 
{VkW} and 0^(r) = {V'i*(r),02(r),03*(r),0l(r)} = {V^W} the functional 

Fokker-Planck equations from Section |4] are as follows. 
For the two mode condensate case we have. 

dt ^J 5iPa{x) -^ 



and for the single mode condensate case 
dP V ^ ■ ^ 

A 



oT = E/^-^^-(i;(-)^-)^ 



/A A 

dx——-——-HAB{ti^),x)P (175) 

Here we use x, y to denote the spatial variables and in accord with the ex- 
pressions in Section 2] the restriction to A < _B in the double sum is to avoid 
repetition of double functional derivatives. Since there are four fields involved 
J A,B — 1,2,3,4. In both cases the distribution functional is P[ip , ip*] and 

Aa{4' {x), x) is the A element of a drift column vector. For the single mode con- 
densate case HAsi'ip {x),x) is the A, B element of a local diffusion matrix, and 
for the two mode condensate case Hab{''P ix),x, '0(2/), 2/) is the A;B element 
of a non-local diffusion matrix. In the latter case a double spatial integral is 
involved. Also, Aa and Hab may depend on spatial derivatives 9j^0i<-(x).etc. 
but in order to avoid too many symbols we have not shown this. For simplicity 
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the Fokker-Planck equation has been written with just one-dimensional spa- 
tial variables x,y^ but the generalisation to three dimensional variables r, s is 
straight-forward . 

To proceed further the functional Fokker-Planck equations need to be recast 
with a symmetrical diffusion term. The details are covered in Appendix F ('[82|1. 
If we define a new diffusion matrix such that 

DAB{THx),x,-ih{y),y) = Hab{-Hx),x, M%j),y) A<B 

DAB{t^{x),x,-il^{y),y) = HBA{}l^{y),y, i^{x),x) A>B 

DAA{tp{x),x,ip{y),y) = Haa{iP {x),x, ip {y),y) + Haa{iP {y),y, ip {x),x) A^B 

(176) 

we see that the functional Fokker-Planck equation for the two mode case be- 
comes 

dP C 5 



"^XbJ J S^A{x)S^B{y) -^ -^ 

The expressions have been defined so that Dab is symmetric. For the two mode 
condensate case 

DAB{t^{x),x, My), y) = DBA{i^{y),y, i{{x),x) (f 78) 

For the single mode condensate case we may also write the functional Fokker- 
Planck equation in the symmetric form 

dt ^J OipAix) -^ 

Ay. h^ ,i\ ^,i\ , Dab{±{x),x)P (179) 

AB-' 0->pAix) SlpBix) -^ 

The proof is similar but now 

Dab{iJHx),x) = Hab{^{x),x) A< B 

Dab{^j{x),x) ^ HBA{tp{x),x) A> B 

DAA{i^ix),x) - 2Haa{Hx),x) A = B (180) 

and again Dab is symmetric. 

DABii^ix), x) = DBAit^ix), x) (181) 

Results pSOp and (|176l) enable us to identify the diffusion coefficients in the 
general forms (|179[) and (|177p from those in the original functional Fokker- 
Planck equation forms p75p and ()174p . 
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5.1.2. Fokker- Planck Equation for Distribution Function 
The field functions ipAix) may be expanded 

^a{x)^Y.^^^^('^) (182) 

i 

wliere tfie ^f (x) are a convenient set of orthonormal mode functions for the A 
field satisfying 

I dx^fixYCfix) = % (183) 

i 

For the various ipAix) these orthonormal mode functions may be interrelated. 
Thus if for ipi{x) = ipdx) the mode functions are £,i{x) (i = 1,2), then those 
for i/'2(a;) = '0c(-^) ^'"^ Ci(^)* (* ~ li2). Mode functions for different fields also 
may be orthogonal, thus for '4'z{x) = ipNcix) if the mode functions are £,i{x) 
{i 7^ 1,2), and those for ^i{x) = V'ivc(^) ^^^ Ui^)* (* t^ 1;2), then the ^^^(a;) 
and £,^{x) are mutually orthogonal, as are Q{x) and £,f{x). However, these 
features are not required, the main requirement is that the mode functions for 
each specific field are orthonormal. The mode functions may be time dependent, 
but this will not be made explicit. 

The derivation of the Ito stochastic field equation is based on first converting 
the functional Fokker-Planck equation to an ordinary Fokker-Planck equation 
via expanding the field functions and replacing the functional derivatives with 
ordinary derivatives 

AA{i^{x),x) -^ ^^(4) 



DAB{ip{x),x,ij{y),y) or DABii^{x),x) -^ V^^{o;^) 



— > — > 



where A is the drift vector, D is the symmetric diffusion matrix and Pb{a, a* 
is the phase space distribution function. The drift and diffusion elements de- 
pend on the expansion coefficients a = {ak,aj^} and the distribution function 

depends on n* = {oil.,a'l^*} also. The explicit expressions are 



Atia^) - J dxCf{xrAA{^{x),x) (186) 

^tj^'i^) = f fdxdy^f{xrDAB{ti^),x,Hy),y)^f{yr Two Mode 



— > 



T^^^i^) = dx^f{xyDAB{^{x),x)^f{x)* One Mode (187) 
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These relationships can be inverted using the completeness relationships to give 

Aa{Mx),x) = Y.^t{x)At{(x) (188) 



DAB{i^{x),x,i^{y),y) = Y.^t{x)V^''{o^)if{y) Two Mode 
DABi^{x),x)S{x~y) = ^^,^(a;)I?,4^(4)^f(y) One Afode(189) 
The diffusion matrix is symmetric 



V 






i3,)=ni^) (190) 

this result being easily obtained from pSip or (|178[) . As a result we can always 
write the diffusion matrix V in the form 

V^BB^ (191) 

where B has the same dimension as V. This result is known as the Takagi 
factorisation [85| . A proof may be found in the textbook by Horn et al. \8<3\ . A 
non-square matrix B can also be found, this is shown in Appendix F ([8^]). 
The ordinary Fokker-Planck equation that is obtained is given by 

— %^- = E9^A^(4)n(4,4*) 

Ai ^ 

Ai Bj * J 

This Fokker-Planck equation is equivalent to Ito stochastic equations, as is de- 
scribed in standard textbooks (see [83], [84] )• The procedure involves replacing 
the time independent phase space variables af by time dependent stochastic 
variables af{t). The Ito stochastic equations for the af{t) are such that phase 
space averages of functions of the af give the same result as stochastic aver- 
ages of the same functions of the af{t). The derivation of the Ito stochastic 
equations requires that the complex diffusion matrix T) is symmetric, a result 
we have now obtained. 

5.1.3. Ito Equations for Stochastic Expansion Coefficients 

The Ito equations for the stochastic expansion coefficients oq can be written 
in several forms 

5at{t) = atit + St)-afit) 

/t+st 
diirf(ti) (193) 

UK 

jafit) = -At{a^{t)) + Y,Btf{a^{t))jw^{t) (194) 

Dk 

= -^f(4(t)) + 5]6,ff(4(i))rf(t+) (195) 

Dk 
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wherea(t) = {af{t)} = {ak{t),a'l{t)} and the matrix B is related to the 
diffusion matrix T) as in p9ip . 



^ti^'i^it)) = E<f (4W)^.T(4W) (196) 



The matrix elements B,-.j^ (_§.(0) ^^^ functions of the af{t). The quantity t+ 
is to indicate that if the Ito stochastic equation is integrated from i to i + 
6t, the Gaussian-MarkofF noise term is integrated over this interval whilst the 
Af{af{t)) and B^j!^ {af {t)) are left at time t.. 

The quantities w^ (i) and T^ (t) are Wiener and Gaussian-Markoff stochastic 
variables. The Gaussian-Markoff quantities V^ satisfy the stochastic averaging 
results 



rf(ti) = 



{rf(ii)rf(t2)} = 5DE5ki5{h-t2) 



{T^{h)Tf{h)TUh)} = 



{rf (ii)rf (i2)r^(i3)rG(i4)} - {rf (ti)rf (t^)} {vahW^iu)} 



+ {rf fti)r^(t3)} {Tf{h)T?:{u)} 
+{rf (ii)rG(t4)} {Tf{t2)TUu)} 

(197) 

with stochastic averages being denote with a bar. The stochastic average of an 
odd number of noise terms is always zero, whilst that for an even number is the 
sum of all products of stochastic averages of two noise terms. The Gaussian- 
Markoff noise terms T^ are related to the Wiener stochastic variables w^ via 

w^{t) = f dtirf(ti) (198) 

Jo 

/t+st 
dhV^ih) (199) 

^«;f(t) = Xn^(^P-\=T^it^) (200) 



dt st^o \ 6t 

One of the rules in stochastic averaging is 



^i^a(4(i))^^F,(4(0) (201) 

a a 

so the stochastic average of the sum is the sum of the stochastic averages. Also, in 
Ito stochastic calculus the noise terms T^{ti) within the interval t,t + 6t are 
uncorrelated with any function of the af (t) at the earlier time t, so that the 
stochastic average of the product of such a function with a product of the noise 
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terms factorises 



= F{^{t,)){ri^{h)rf{t3)r^{t4)...r^{u)} t, <h,h,..,u {202) 

These key features of Ito stochastic calculus are importaut in deriving the prop- 
erties of the noise fields in the stochastic field equations. 

5.1.4- Derivation of Ito Stochastic Field Equations 

The stochastic fields ipAiXjt) are defined via the same expansion as for the 
time independent field functions iPa{x) by replacing the time independent phase 
space variables af by time dependent stochastic variables af{t) 

^A{x,t)^Y.'^t{t)it{x) (203) 

i 

The expansion coefficents in p03p are restricted to those required in expanding 
the particular field function ^yi(x). Also, stochastic variations in ipA{x^t) are 
chosen as to only being due to stochastic fiuctuations in the af{t). Although the 
mode functions may be time dependent, their time^variations are not stochastic 
in origin, so the stochastic field equations for the ipA^x., t) do not allow for time 
variations in the mode functions. 

The Ito stochastic equation for the stochastic fields il)A{x,t) can then be 
derived from the Ito stochastic equations for the expansion coefficients. Using 
P88p the drift term in the stochastic equation gives 

-Y,At{B,{t))^t{x)6t^-AA{t^{x,t))5t (204) 

i 

which involves the drift vector Aa evaluated at the stochastic fields ip{x,t). 
The diffusion term in the stochastic equation gives 

/t+St ^ pt+St 

diirf(ti) =^r;,^^^(V;(x,i)) / diirf(ti) 

1 UK - Dk •'* 

(205) 
where 

vt"'i^{x,t)) =Y.^tf{^ii))^ti^) (206) 

i 

is related via B^.^ {a.{t)) to the diffusion matrix Dab evaluated at the stochas- 
tic fields -0 (x, t) or V' (a;, i), '0 {v, t). 
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The stochastic field equations can then be written in several ways 

'^ n,. ~^ Jt 



Dk 



= ~AA{^{x,t))5t + 5GA{t^{x,t),T^{t+)) (207) 

Dk 

= -^^(^(x,t))+^,7f^(^(:r,i))rf(t+) 

Dk 

= -AA{ii^{x,t)) + -^^GA{^{x,t),T^it+)) (208) 

Here we denote ip {x, t) = {%1:a(x, i)} = {"01(2;, t), 'ip2{x, t), ip3{x, t), 'ip4,{x, t)} and 

r^{t+) = {Tl{t+),rl{t+),Tl{t+),rl{t+)}. The first form gives the change in 
the stochastic field over a small time integral t.t + St, the second is in the 
form of a partial differential equation. The first term in the Ito equation for 
the stochastic fields (|208p —AA{ip{x,t)) is the deterministic term and is ob- 
tained from the drift vector in the functional Fokker-Planck equation and the 
second term -^GAiip {x,t), I[{t+)) is the quantum noise field whose statistical 

properties are obtained from the diffusion matrix, and which depends both on 
the stochastic fields ip {x, t) and on the Gaussian-Markoff stochastic variables 

The noise field term is 

|G^(^(x,i),r;(i+))=^ryf^(^(x,t))|u;f(t) = ^ry,^^^(^(:r,i))rf(t+) 

Dk Dk 

(209) 
where the stochastic field ry^, ' {tp{x,t)) is related to the diffusion matrix ex- 
pressed in terms of the stochastic fields t/j (x, t) or -0 (x, t), tp {y, t). 
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5.1.5. Properties of Noise Fields 

To determine the properties of the noise field we first establish the connection 
between the 77^. ' and the Dab ■ 



Dk 



b 



AB 



Dkij 

= DabU^ {xi,t),xi, ip {x2,t),X2) Two Mode 
= D ab{iP {xi,2,t),xi^2) ^ixi — X2) One Mode 



(210) 
(211) 



using (|196p and (|189p . Thus for the single mode condensate r]{ ip {xi,t))r]{ -0 (x2, i), i)^ 

is delta function correlated in space and equal to the local diffusion matrix el- 
ement, whereas in the two-mode condensate case this quantity is equal to the 
non-local diffusion matrix element. 

The stochastic averages of the noise field terms can now be obtained. These 
results follow from (PTTj) . (IM?)) and the properties (fTOT)) . (PUTJ) . ((^0^ and are 
derived in Appendix F ((82J). For the stochastic average of each noise term 



AB 



^GA{^{x,t),r^{t+))^=0 (212) 

showing that the stochastic average of of each noise field is zero. For the stochas- 
tic average of the product of two noise terms we have 

^G^(^(xi,ti),i;(ti+))') (^^GB{i^{x2,t2),T^it2+)) 



-Dab( ^ {xi,ti^2),xi, tp (x2, ii,2), 3:2) 



xS{ti~t2) Two Mode (213) 

= DAB{i'{xi,2,ti,2),Xl,2) 

xS{xi-X2)S{ti-t2) One Mode (214) 

The stochastic average of the product of two noise terms is always delta func- 
tion correlated in time. In the single mode condensate case this average is 
also delta function correlated in space, and the spatial correlation is given by 
the stochastic average of the local diffusion term 13 yis(^ (2:1,2, ^), 2:1,2) in the 

60 



original functional Fokker-Planck equation (I179p . However for the two mode 
condensate it is not delta function correlated in space. Instead the spatial 
correlation is given by the stochastic average of the non-local diffusion term 
DAB{fp {xiit),xi, ^ (x2,t),X2)-iTi the original functional Fokker-Planck equa- 
tion (fT77|) . 

However, although the noise fields have some of the features in (|197p . they 
are not themselves Gaussian-Markov processes. The stochastic averages of 
products of odd numbers of noise fields are indeed zero, but although aver- 
ages of products of even numbers of noise fields can be written as sums of 
products of stochastic averages of pairs of stochastic quantities with the same 
delta function time correlations as in (|197p . the pairs involved are the diffusion 
matrix elements DABi'>P {xi,t),xi, ip {x2,t),X2) rather than products of noise 



-> 



^ 



fields such as (f G^( V^(xi, ti), r;(ti+))) (f 65(^^(0^2,^2), r;(i2+))) ■ Never- 
theless, the stochastic averages of the noise field terms are either zero or are 
determined from stochastic averages only involving the diffusion matrix ele- 
ments DAsiip {xi,t),xi, tp ix2,t),X2)- There is thus never any need to actu- 
ally determine the matrices ri{ijj {x,t)) such that ri{'i/j {xi,t))r]{ip {x2,t))'^ = 

D{ip {xi,t),xi, ip {x2,t),X2) or D{%p (a;i_2,0,^i,2)<5(a;i — X2), so all the required 

expressions for treating the stochastic properties of the noise fields are provided 
in the functional Fokker-Planck equation. Detailed expressions for stochastic 
averages of more than two noise fields are derived in Appendix F ([82]) as Eqns. 
IIfTtIi . dEH, (If:231) and dEH- 

For the two mode condensate case the results are 



{(fG^(V;(a;i,ti),r;(ti+)))(fGB(^(x2,i2),i;(i2+)) 

y^ {lGc{^{x^M),I,{h+)))} 



= 
for three noise fields and 



(215) 



{{§iGA{^{xiM).I,{tl + ))){§iGB{^{x2,t2).I,{t2+)) 
X (iGc(^(x3,i3),i;(i3+))) (f Gz,(V;(:C4,t4),i;(t4+)))} 



DAB{-ip ixi,ti,2), xi, Ip (a;2, ii,2), 2:2) 




Dcoi'ip (^3, ^3,4), 2^3, 4' (2^4, ^3,4)' ^i) 



xS{h-t2)S{t3~U) 



+ DAc{^ixi,ti^3),Xi, 1p{x3,ti^3),X3) D Boi'lp {x2,t2A)-,X2, V' (^^4, ^2,4), 2:4) 



-^ 



y.5{ti-h)5{t2-U) 



Dad{iP ixi,tiA),Xi, tp (X4, il^4), X2) 




DBc{fp (a;2, ^2,3), a;2, "0 (2:3, ^2,3), a;3) 



x6{ti - ti)6{t2 - h) 



(216) 
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for four noise fields. The result for the stochastic average of four noise field 
terms is not quite the same as 



{ 



^GA(V;(a:i,ii),r;(ti+)) 



^^GB{^{x2,h),r^{t2+))]} 



■{ 



-Gc{r^ix3,h),T^{h+)) 



— GD(^(x4,i4), J^(<4+)) 



+{( ^G^(V;(^i,ii),i;(ti+))) (^Gc(V;(a;3,i3), ri(t3+)) 



'^^ 



>^{[§iGB{i^{x2,t2),r^{t2+))] (^^Gz,(^(x4,t4), r;(i4+)) 



+{[§-^GA{^{xi,h),r^{h+)) 



d ~ ~ 

— GD{Mx4,t4), J^{t4+)) 



x{(^GB(V;(a^2,t2),r;(t2+)) 



-Gc(^(.T3,t3),r;(i3+)) 



} (217) 



because in general the stochastic average of a product of two diffusion matrix el- 
ements is not the same as the product of the stochastic averages of each element. 
Results analogous to (|215l) and (|216p apply also for the single mode condensate 
case. For four noise fields factors such as Dab{^P {xi,ti^2),xi, V' (2^2,^1,2), 2:2) 

are just replaced by DabO^ ixi.2,ti,2),xi)6{xi—X2) etc., (see Appendix F ([82|), 
Eqs.(IE23| and jESll. 

5.1.6. Classical Field Equations 

Classical field equations can be obtained from the Ito equations by ignoring 
the quantum noise term. The classical field equations are 



^Jtlp^^^AA{r'-{x.t),x) 

at — > 



(218) 



for both the single and two mode condensate cases. Such equations are not 
of course really classical as they involve Planck's constant. As will be seen in 
specific cases (see Eq. ()244p ) their leading terms are often similar to Gross- 
Pitaevskii equations, so they could be referred to as generalised mean field 
equations. 

5.1.7. Noise Fields for Single Mode Condensate 

Having now established the general results for the stochastic averages of 
products of one, two, .. noise fields we can show for single mode condensates 
that the noise field terms can be written in a different form in which the noise 
fields are just functions of the stochastic fields if {x, t) and new fundamental 

Gaussian-Markoff stochastic fields Q{x, t+) = {9fc(x,t+)}, pairs of which are 
delta function correlated in both space and time |55l] . These now replace the 
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r (t+). Similarly to the F (t+) the Q{x, t+) are defined by their stochastic 
averages 



efe(a;i,ii) = 



{ek{xi,ti)ei{x2,t2)} = 5kid{h-t2) 



{ek{xi,ti)eiix2,t2)emix3,t3)} = 



{Qkixi,ti)Qi{x2,t2)&TniX3,t3)QniX4.,t4)} = {6fe(a;i , tl)6;(a;2, ^2)} {Q7n{x3,t3)Qnix4,t4)} 



+{8fc(xi, ii)e„i(a;3, is)} {Qi{x2,t2)Qn{x4:, ti)} 

+ {Qkixi,ti)Qriix4, hi)} {'S>lix2,t2)Qmix3,t3)} 

(219) 



with stochastic averages being denoted with a bar. The stochastic average of an 
odd number of noise field terms is always zero, whilst that for an even number 
is the sum of all products of stochastic averages of two noise field terms. Also, in 
Ito stochastic calculus the noise terms Qkix,t) within the interval i, t + 8i are 
uncorrelated with any function of the ip (x, t) at the earlier time i, so that the 

stochastic average of the product of such a function with a product of the noise 
field terms factorises 

F{ljj{xi,tl)){Qk{x2,t2)'dl{x3,t3)'dm{Xi, t4)...Qa{xi,tl)} 



= F{xl: (Xi.ti)) {Qk{x2,t2)Qlix3,t3)Qrnix4,t4)...Qaixi,ti)} ti < ^2,^3, ••-,*, 

(220) 

As previously, the stochastic average of a sum is the sum of stochastic averages. 
These key features of Ito stochastic calculus are important in deriving the prop- 
erties of the noise fields in the stochastic field equations. In the case of the single 
mode condensate the diffusion matrix is symmetric (|181l) . Hence we can write 
the diffusion matrix D in the form D{tp {x,t),x) = B{^p {x,t),x)B{ip {x,t),x) 

so that 



T 



DAB{i^{x,t),x)) = }_^B^{i^ix,t),x))B^i^ix,t),x)) (221) 

k 

Note that in this case only a single space variable is involved. Now consider the 
new stochastic noise field terms defined by 

§iHa{^{x, t),^{x, t+)) = Y, Bt{^{x, t),x) Qk{x, t+) (222) 

k 

This is a function of the stochastic fields (\) {x, t) and the Gaussian-Markoff 

stochastic fields Q{x,t). It is straightforward to determine results for the new 
stochastic noise field terms. For the stochastic average of each noise term 
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^^HA{i^{x,t),^{x,t+)\^0 (223) 

showing that the stochastic average of of each new noise field is zero as before. 
For the stochastic average of the product of two new noise field terms we have 



^^HAi^{xi,ti),^{xuti+)yj (^^HB[i^{x2M).^{x2M+)) 



= DAB{'ip{xi,2,ti,2),Xi.2)-x5{xi-X2)6{ti-t2) (224) 

giving the same result as before. For products of three, four, .. new noise field 
terms the results are again as before, so we can now write the original noise field 
term as 

^G^(^(x,t), r;(i+)) = ^H^(^(x,i),^(.T, t+)) 



Y,B^i^{x,t),x)Qk{x,t+) (225) 



This form of the noise field is useful when the diffusion matrix D( ^ (x, t), a;)is 
easily factorised, as in Section [ 



5.2. Ito Equations for Two-Mode Condensate 

The theory involved in writing down Ito stochastic equation for the conden- 
sate and non-condensate fields is non-standard. From above, the terms can be 
written down from the general form ()208p by identifying the relevant terms in 
the functional Fokker-Planck equations set out in SectionH) All stochastic fields 
depend on t, but this is left implicit. 

For the condensate stochastic field the Ito equation is 



d 7 , . 
^^c(s,i) 

+ ^{2^+(s)V^c(s)-|0i(s)|'-|^2(s)|'}^^c(s)-^ / duF(u,s)>^c(u) 



-VVc(s) + V(s)7^c(s) + ^{^+(s)^c(s) - |</.i(s)|' - |02(s)|'}^c(s) 



+ ^{V'c(s)Vc(s)}^+e(«) 

+l^{2^^c(s)V^A'c(s)}V^c(s) + ^{^jvc(s)V^ivc(s)}^+(s)] 



+ ^Gc(V;(s,t),i;(t+)) (226) 

where ^Gc{4' (s, t), ]\{t+)) is the noise field. 
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For the non- condensate stochastic field the Ito equation is 

5 T / ^ 
— 1pNcis,t) 

-|^V2^Arc(s) + y(s)V^^c(s) + ^{2^+(s)V^c(s) " IM^)]^ " |02 (s)|'}V^JVc(s) 

+ ^{V^c(s)V^c(s)}V^+c(«)] 

+^G^c(^(s,i),r;(t+)) (227) 

where ^GArc'('0 (s,i), F (t+)) is the noise field. Similar equations apply for 

ipQis) and ■ipJi^{s). The stochastic condensate and non-condensate fields are 
coupled together and each is affected by stochastic noise fields. For the con- 
densate field, the first line in the equation reads like a time- dependent Gross- 
Pitaevskii equation iiipc{s,t) is regarded as the order function. The three terms 
are the kinetic energy, the trap potential energy and the non-linear mean field 
energy contributions. Note that for the condensate equation the condensate 
density 'i(j'^{s)-ipc{s) is depleted by two bosons due to the |0i(s)| and |02(s)| 
terms. Both Ito stochastic equations are integro-differential equations due to 
the terms involving J duF{s,u.) or J duF{u,s)* - thus on the right side there 
are terms depending on stochastic fields at different spatial points. The first 
line in the condensate equation comes from the Hi term, the second and third 
from the H2 term and the fourth from the H3 term. The first line in the non- 
condensate equation is a term coupling in the condensate field and comes from 
the H2 term, the second and third from the H3 term. The latter two lines differ 
somewhat from the form of a time-dependent Gross-Pitaevskii equation, which 
is not surprising since these refer to the relatively unoccupied non-condensate 
modes. 

The stochastic averages of the noise fields are given in ()213p . where the 
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non-zero diffusion matrix elements are 

£'C+;WC- (^(Sl,i),Si, tij{s2,t),S2) 



-^^{V'c(si,2)l/'C(S1,2) - 2 



i:^W5(si,2)V^c(si,2) - ;^(|0i(si.2)r + l'/'2(si,2)h}<5(si - S2) 



+ -^-^{'0Wc(si,2)V'c(si.2) + V'c(si,2)^iVc(si,2)}'5(si - 83) 

^Arc-;C+(^(s2, i), S2, V;(si, i), Si) (228) 

Dc-,NC+i]l^isl,t),Si, ^{S2,t), S2) 



^fWc(s,2)^^(s,2)-^(-- -^'-- -'^ 



-T^WC(S1,2)^^(S1,2) - :^(|0l(si,2)r + \M^l,2)n}S{s, - S2) 



-■^-^{'0Wc(si,2)V'c(si,2) + V'c(si,2)^7tc(si,2)}'5(si - 83) 

= DNC+;C-ii^{s2,t),S2,i^{si,t),Si) (229) 

£'C-;AfC-(^(sl,t),Si, '0(s2,t),S2) 

= -t'^{2V'c(s1,2)^c(si,2) + V'Afc(si,2)l/'c(si,2)}(J(si - S2) 
- i?ArC-:C-(^(s2,t),S2,^(Si,t),Si) (230) 

£'c+:WC+(V'(si,t),Si, ■0(s2,t),S2) 



ft iV'^2"' 



{:^V'c(si,2)^c(si,2) + ?A^c'(si,2)V'c(si,2)}(5(si - S2) 



= £'ArC+;C+(V'(s2,0;S2, -0(81,0,81) (231) 

DNC-,NC-{i^ {Sl,t), Si, ■0(s2,i),S2) 

= -;^^Wc(si,2)V^c(si,2)}<5(si-S2) (232) 

DNC+;NC+{i^{Sl,t),Si, V'(s2,i),S2) 

= +;^^Wj(si.2)V^J(si,2)}'5(si-S2) (233) 

with the notation DABi^P {si,t),Si, tp {s2,t),S2) for 

-DAB(0l(Sl,t),02(Sl,i), -03(81, 0:V'4(Sl,t),Si,V'l(s2,i), -02(82,*), -03(82,0:04(82, 0:^2) 

and replacements for AB as follows: 1 = C-,2 = C+,3 = NC-,4: = NC+. 
Also we write S1.2 = Si = S2 for the delta function terms. The presence of the 
terms F(s2, Si), i^(s2, Si)* reflects the non-local nature of the diffusion matrix 
and also give an explicit Si,S2 dependence. We see that the average of the 
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product of any pair of noise fields is delta function correlated in time but not 
in space, and is then given by the diffusion matrix element that appears in the 
functional Fokker-Planck equation. The stochastic averages of products of odd 
numbers of noise fields is zero and the stochastic averages of products of even 
numbers of noise fields can be written as sums of products of stochastic averages 
of pairs of diffusion matrix elements in accordance with (I215P and (|216p . 
The classical field equations for the condensate field are 

= -:^[-|^V'V'c(s) + V(s)^c(s) + ^{Vj(s)Vc(s) - \M^)f - \M^)f}^cis) 

+ ^{V'c(s)Vc(s)}V^c(«) 

+ ^{2V'^c(s)V'A'c(s)}^c(s) + ^{V^jvc(s)^ivc(s)}V'J(s)] 

(234) 

and for the non-condensate stochastic field 



V2^wc(s) + V{s)i^Nc{s) + ^{2V'+(s)Vc(s) - |0i(s)|' - |(/.2(s)|'}Vivc(s) 



N 



+^{Vc(s)Vc(s)}^^<:;(« 



(235) 



with corresponding equations for ip'^ ^ "''^^ and ijj'nc'^^'^ ■ These also are integro- 
differential equations. 

5. 3. Ito Equations for Single Mode Condensate 

We will next consider the simpler case where the BEC only involves a single 
mode. Here the Ito stochastic equations are relatively standard. From above, 
the terms can be written down from the general form (j208p by identifying the 
relevant terms in the functional Fokker-Planck equations set out in Section HI 
All stochastic fields depend on t, but this is left implicit. 



67 



For the condensate stochastic field the Ito stochastic equation is 



-^[-|^VVc(s) + y(s)V.c(s) + ^{V'^(s)^c(s) - \M^)f] 



+ ^{2^+(s)^c(s)-A^ |0i(s)|^ }V;^c(s) + ^{^c(s)^c(s)}^+c(«) 

+ -Gc(V;(s,i),i;(t+)) (236) 

where ■S^Gcii' is,t), V{t+)) is the noise /le/d. 

For the non- condensate stochastic field the Ito stochastic equation is 

— 'lpNc{s,t) 



-t[+^{^c(«)v^c(«) - ^ i'/'i(s)r}V'c(s) 



-^V2^JVC(S) + l^(s)V^Arc(s) + ^{2^^+ (s)V^c (s) " |(/)l (s) J^JV^JVC (s) 



2m ' ' ' /T.vu.v / ^ 

+ ^Wc(s)V^c(s)W+c(«)] 
+ ^G^c(^(s,i),i;(i+)) (237) 

where ■^Gnc'{4' {^jt)i K(t+)) is the noise field. Similar equations apply for 

V'(t(s) and ip^^{s). The stochastic condensate and non-condensate fields are 
coupled together and each is affected by stochastic noise fields. For the con- 
densate field, the firstjine in the equation reads like a time- dependent Gross- 
Pitaevskii equation if ^^(Sjt) is regarded as the order function. The three terms 
are the kinetic energy, the trap potential energy and the non-linear mean field 
energy contributions. Note that for the condensate equation the condensate 
density '0p(s)-0(7(s) is depleted by one boson due to the |(/'i(s)| term. The first 
line in the condensate equation comes from the Hi term, the second from the H2 
term and the third from the H3 term. The first line in the non-condensate equa- 
tion is a term coupling in the condensate field and comes from the H2 term, the 
second and third from the H3 term. The latter two lines differ somewhat from 
the form of a time-dependent Gross-Pitaevskii equation, which is not surprising 
since these refer to the relatively unoccupied non-condensate modes. 

The stochastic averages of the noise fields are given in (|214l) . where the 
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non-zero diffusion matrix elements are 

Dc+;NC-{^is,t),s) = l^{^+(s)v;c(s)-^W|(/.i(s)|^} 



-T^{V'^C(«)^C(S)+^J(S)^^C(S)} 



^jvc-;c+(^(s,i),s) (238) 



^f{^(s)^(s)-i.-^-- 



i?C-;^C+(V;(s,i),s) = -^l^{V'c(s)^^(s)--iV|</.i(s)|^} 



-^^{^A^C(S)^+(S) + ^cis)^+cis)} 

= -Djvc+;C^(V;(s,i),s) (239) 

Dc^;NC-i}l{{s,t),s) = ---^{-V'c(s)'0c(s) +V'JVC(S)V'C(S)} 

= DNc-,c-i^is,t),s) (240) 






Dc+;NC+{ti^,t),s) = +-^{-V.+ (s)V'+(s)+^+c(s)^+(s)} 



= i?Arc+;c+(V;(s,i),s) (241) 

DNc-,NC-{ti^,t),s) = -l^{v;c(s)^c(s)} (242) 

i^^c+;ivc+(^(s,i),s) = +^^{V^J(s)V^+(s)} (243) 

with the notation DabU' (s,i),s) for 

-DAB(V'i(Sii);'02(s,i), V'3(s,0: V'4(s, t),s) and replacements for AB as follows: 
1 = C-,2 = C+,3 = iVC-,4 = iVC+. Note that the |0i(s)|^ terms give an 
explicit s dependence as well as that in the stochastic fields. We see that the 
average of the product of any pair of noise fields is delta function correlated in 
both space and time, and is then given by the diffusion matrix element that 
appears in the functional Fokker-Planck equation. The stochastic averages of 
products of odd numbers of noise fields is zero and the stochastic averages of 
products of even numbers of noise fields can be written as sums of products of 
stochastic averages of pairs of diffusion matrix elements analogous to (|215p and 
((2T61) fsee [5X5| . 

The classical field equations for the condensate field are 



|[-;^VVc(s) + ns)V^c(s) + ^^-+^ 
-^{2^+(s)Vc(s)-^ |0i(s)|^ }Va.c(s) + ^{^c(s)^c(s)}^+c(«) 
^{2V^+p(s)V'^c(s)}^c(s) + ^^"'--^-^"'-"^-^^"''+' 



-^[-— VVc(s) + V(s)V.c(s) + ^{^+(s)V'c(s) - \M^)f}^c{s) 



+ ^{2V^+p(s)V'^c(s)}^c(s) + ^{^Arc(s)^^c(s)}^+(s)] (244) 
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and for the non-condensate stochastic field 



h^ N 

9n 

' N 



+^{^+(s)V'c(s)-A^|</.i(s)p}^c(s) 
{Vc(s)Vc(s)}V^c(s)] (245) 



with corresponding equations for ip'^ '^''"'"'^ and ip^^""^" . If the couphng terms 
to the non-condensate modes are ignored then the equation for -0(7°*^ (^jO has 
a solution i/;^'°''"(s,t) = ^/]V</>l(s), V'+ ^'"'*"(s,i) = \fN 4>l{s) for large N , where 
(jji (s) satisfies the standard single mode Gross-Pitaevskii equation (I63[) . Assum- 
ing the effects of coupling with the non-condensate field are small, this result 
shows that ■ipQ°-'"^{s,t) is similar to the usual mean field solution. 

5.4 Approximate Solutions - Single Mode Condensate 

In general the coupled stochastic field equations are difficult to solve, even 
numerically. Approximate solutions can however be obtained which enable some 
features of the physics to be explored. As an illustration of how such approx- 
imate solutions can be obtained we consider the single mode condensate case 
for large N. By applying certain a ppr oximations to (|236p - (|245p the equations 
obtained by Krachmalnicoff et al. [71| can be obtained. Their approach is also 
based on a hybrid Wigner P+ distribution functional. 

Firstly, we ignore all but the first line in of the Ito equation for the stochastic 
condensate field (|236l) . Thus the noise field term is ignored as are the coupling 
terms involving non-condensate stochastic fields. The latter are higher order in 
{\/N)~^, so this a reasonable first approximation. Consistency in neglecting the 
noise field term then requires that the only non-zero diffusion matrix elements 
in (|236p that are retained are those just involving the non-condensate stochastic 
fields, Dj\jc~;NC~ 8^iid Dnc+:NC+ ■ Consistency with the classical condensate 
field equation p44l) also requires neglecting the coupling terms involving the 
non-condensate fields. The condensate stochastic field then satisfies 

, d ~ , , 

= -|^V2^c(s) + V{s)i,c{s) + ^{^+(s)V^c(s) - |</)i(s)|2}^c(s) 
2m N 

(246) 

We see from the Gross-Pitaevskii equation (|55)) that a solution is given by 
V^c(s,i) = i^&'''^^(s,t) = ViV0i(s),7A+(s,i) = i^y'^^'isfy = VN4>\{s). Hence 
the condensate field now becomes non-stochastic. 



70 



Secondly, the first line in the Ito equation (|237l) for the stochastic non- 
condensate field then becomes zero leaving just the second and third line to- 
gether with the noise field term. As the diffusion matrix is now diagonal then 
using (|225l) we can write the noise field as 



|G^c(^(^,i), r;(t+)) = ^^^i^are-Nci^,t) (247) 

§-^G+ciiix,t),T^{U)) = y^^^)2e+^(x,t) (248) 

where with a,b = +, — we introduce two Gaussian-Markoff stochastic fields 
Q^Q{x,t). The stochastic average for two stochastic fields is 



e%cixi,h)Q%ci^^^i2) =Sixi-X2)S{ti-t2)Sab ia,b^+,~) (249) 



and the results for products of other numbers of fields satisfy the standard 
Gaussian-Markoff rules. It is then straightforward to show that the two noise 
fields ^Gnc and ^G^p satisfy the correct results in (|214p etc. for stochastic 
averages. 

For large N the — |(/'i(s)| term can be neglected, so the Ito equation (I237P 
for the stochastic non-condensate field is then 

o f-2 

.j-i'Ncis,t) = - — V^^j^ci^) + Vis)i^Nc{s) + 2^ 
ot 2m N 



ih—ijNc{s,t) = -^^VV^wcls) + V{s)i,Nc{s) + 2^{V'J(s)i^c(s)}V'ivc(s) 



+ ^{^c(s)Vc(s)}V^c(«) + \l+^^^^cf Q-^ci^.t) (250) 

This equation is equivalent to Eq.(5) in the paper by Krachmalnicoff et al. |7l| . 
Note however that the derivation involves making approximations to the actual 
stochastic field equations for single mode condensates, in particular the neglect 
of noise terms in the equation for the stochastic condensate field. 

5.4- Stochastic Averages for Quantum Correlation Functions 

The quantum averages of symmetrically ordered products of the condensate 
field operators {\E'|^(ri)^Jj(r2)....4'Jj(rp)^c'(sg).-^c(si)} and normally ordered 
products of the non-condensate field operators 

*Jvc,(ui)*Jvc,(u2)....*Jvc'(Ur)*Arc(vs)..^Arc(vi) are now given by stochastic 
averages. These replace the functional integrals involving quasi distribution 
functional given above in (jlOSp . We have 

Tr[p{$t^(ri)..$t^(rp)$c(s,)..*c(si)} 



x$jyp(ui)..$]Y(.(u^)$Arc(v,)..$jvc(vi)] 

^ '0c(ri)--V'c(rp)V'c(s9)--'0c(si)x 

X '^tlC^'^l) -i'Nc'y^r) '0A'c(Vs)--V'JVc(vi) 

where the bar denotes a stochastic average. 
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(251) 



6. Summary 

The present paper sets up a general approach for treating both dephasing 
and decoherence effects due to colhsions in interferometry experiments using 
single component Bose-Einstein condensates in double well situations, where 
two condensate modes may be involved. The treatment starts from a descrip- 
tion of dephasing and fragmentation effects in two mode condensates in which 
the two modes satisfy generalised coupled Gross-Pitaevskii equations, and the 
amplitudes describing the fragmentation of the condensate into the two modes 
satisfy matrix equations. The two sets of equations, which are coupled and self- 
consistent, are derived from the Dirac-Frenkel variational principle. The treat- 
ment of decoherence effects requires the consideration of non-condensate modes 
and a full phase space method involving a distribution functional is used, where 
the highly occupied condensate modes are described via a truncated Wigner rep- 
resentation (since the bosons in condensate modes behave like a classical mean 
field), whilst the basically unoccupied non-condensate modes are described via 
a positive P representation (these bosons should exhibit quantum effects). The 
functional Fokker-Planck equation is derived using the correspondence rules and 
then Ito equations for the stochastic fields associated with the condensate and 
non-condensate field annihilation and creation field operators are determined. 
The Ito stochastic field equations contain a deterministic term which is obtained 
from the drift term in the functional Fokker-Planck equation, and a noise field 
term whose stochastic properties are obtained from the diffusion term in the 
functional Fokker-Planck equation. The link with interferometry experiments 
is via the quantum correlation functions, which are shown to be equal to phase 
space functional integrals of products of field functions with the distribution 
functional. These phase space functional integrals are then shown to be de- 
termined by stochastic averages of products of the stochastic fields, and in the 
present approach the quantum correlation functions would be evaluated numer- 
ically via such stochastic averages. Clearly, the general approach presented here 
is rather complex, so in order that the reader can understand what is involved 
this paper contains a full coverage of all the important steps in the derivations 
of the key expressions obtained for the quantum correlation functions, corre- 
spondence rules, functional Fokker-Planck equations and Ito stochastic field 
equations. These are not covered in any of the standard textbooks and previous 
papers only provide a brief outline of how such results are obtained. 

For the condensate field, the first line in the Ito stochastic field equation 
reads like a time-dependent Gross-Pitaevskii equation if the condensate field is 
regarded as the order function. The first line in the non-condensate equation is a 
term coupling in the condensate field. The results for the two mode condensate 
have unusual features such as the Ito stochastic field equations being integro- 
differential equations and the diffusion matrix being non-local. These features 
are not found in the situation where there is only one condensate mode, where 
the Ito equations are differential equations and the diffusion matrix is local. 
The stochastic properties of the noise field terms are determined and are similar 
to those for Gaussian-Markov processes in that the stochastic averages of odd 
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numbers of noise fields are zero and those for even numbers of noise field terms 
are the sums of products of stochastic averages associated with pairs of noise 
fields. However each pair is represented by an element of the diffusion matrix 
rather than products of the noise fields themselves, as in the case of Gaussian- 
Markov processes. Hence it is only stochastic averages involving diffusion matrix 
elements that determine all the stochastic properties. Results for both two mode 
condensates and the simpler single mode condensate case are presented here. 

The Ito stochastic field equations for single mode condensate have been 
compared to similar equations in the recent paper by Krachmalnicoff et al. 



7l|. We see that their equations are an approximate version for large N of 
those presented here, the approximation involving the neglect of noise terms and 
higher order terms in the condensate stochastic field equations - which requires 
ignoring off-diagonal terms in the diffusion matrix. In this approximation the 
condensate fields are non-stochastic and given by the vTV times the normalised 
solution to the single mode Gross-Pitaevskii equation, or its complex conjugate. 
The non-condensate fields are stochastic and involves two Gaussian-Markoff 
delta correlated stochastic fields. 

Numerical applications to a range of actual and potential interferometry 
experiments with Bose-Einstein condensates are planned. These include the 
Heisenberg-limited interferometry experiment proposed by Dunningham and 
Burnett [6|, where the existing theory is based on the Josephson Hamiltonian 
in which the two mode functions are unchanged during each stage of the pro- 
cess. A more comprehensive analysis of this potentially important experiment 
by a theory that allows for changes to the two mode functions and decoherence 
effects would be of interest. Future theoretical work will involve the extension 
of the present theory to two component condensates in single wells, where there 
are also two spatial mode functions involved, and where interferometry exper- 
iments of the Ramsey type have already been performed [39|. However, the 
current theoretical treatment |39| ignores decoherence and is based on a single 
mode theory. A theory along the lines of that presented here for single compo- 
nent condensates would enable both decoherence effects and the possibility of 
fragmentation effects to be studied. 
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Appendix A. - Amplitude and Mode Equations for Two-Mode The- 
ory 

Appendix A.l. Angular Momentum Quantities 

In the two-mode approximation the A'^ boson system behaves Uke a giant 
spin system with spin quantum number j — N/2 and which can be described via 
angular momentum eigenstates ^, fc), where k = —N/2, .., +N/2 is a magnetic 
quantum number which describes fragmented states of the bosonic system with 
(y — k) bosons in mode (j)i{r,t) and {^ + k) bosons in mode (j)2{r,t). Details 
of the spin operator treatment for two mode theory are given in [17]. It is 
therefore not surprising that the basic equations will involve expressions arising 
from angular momentum theory. These are the quantities X^'^ and Y^"^-'" which 
are defined as 



'^-^)s. nf-ii^-kK^ 



XU = i^-k)S,i xlf^{{--k){-+l)}Hu^, 



Y^' ^ i^+k){§+k~l)6,, 



,N .^^,N .^,N 



Y^r = Y^r' = C-^-m^-k)C-^+i)r^5,,^i 

-12 22 _ ta2122 



Y^,''' = Y,f'' ^C-+k){{--k)q+l)r^5u,^, 
Y^r = >^.f^^ = (f+0{(y-0(y + fc)}''5,._i 

1 

Y^r' = {(y-fc + l)(^-0(f + fc)(Y+^+l)}^'5.fe-2. (A.2) 

These results would apply for the general two-mode theory before the localisa- 
tion assumption is made. 

Appendix A.2. Hamiltonian and Rotation Matrices 

The Hamiltonian and rotation matrix elements H^i and Uki that occur in 
the amplitude equations (|A.14[) involve spatial integrals involving the mode 
functions (pi and 02- They are therefore functionals of the mode functions. The 
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expressions depend also on the spatial and time derivatives of the mode functions 
through the quantities Wij{r,t), Vimj„(r,i) and Tij{r,t), where {i,j,m,n = 
1,2), and which are defined by 



W,,(r,i) = — J2 d,cj)*d,cj,,+^*V(bj 



fi—x,y,z 



''im jn [J^ ^ ^J 



7;<t>l <t>*m <t>j (t>n 



9_ 
2 



The rotation matrix elements Uki (— -^ — ^J — +t) ^^^ given by 



Uki 



X^- 



^-Ct-^ 



(dt 



^J))] = u;, 



dr Uki{(l)i,4'* ^(l^iAfK)- 
In the expression (jA.7|) for the rotation matrix the quantity Uki is 

Uki = ^ ^kiTij- 



(A.3) 

(A.4) 
(A.5) 

(A.6) 

(A.7) 

(A.8) 



The result involves the angular momentum theory quantities X^^^ . Thus for the 
rotation matrix, space integrals of the mode functions and their time derivatives 
are involved. 

The Hamiltonian matrix elements Hki (^ "t ^k.l < +y) ^-re given by 



Hk 



\ 2 ' ' ' 2 ' 



J^lk 



dr Hki{(j)i,(l3* ,d^(j)i,d^(l3*). 



(A.9) 
(A.IO) 



In the expression (|A.10[) for the Hamiltonian matrix the quantity Hki is a Hamil- 
tonian density and is given by 



Hki^j2^MW^, + Y. ^ 



kl yimjn- 



(A.ll) 



This result involves the angular momentum theory quantities X^^ and Y^™"'". 
Thus for the Hamiltonian matrix, space integrals of the mode functions and 
their spatial derivatives are involved. 

The coefficients Xij and Yimjn (*, ii '^i, n = 1, 2) that occur in the generalized 
Gross- Pitaevskii equations (|A.15ll for the mode functions are quadratic functions 
of the amplitudes bk (— "r l£ k,l < +y) 



X,, = Y.bix%hi^x*, 



N 



k,l 



^imjn — /_^'^k^kl '^l — ^jnim^^ 

k,l 



(A.12) 
(A.13) 
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Note the Hermitian properties of these quantities and the N dependence of their 
order of magnitude. 

Appendix A. 3. Supplementary Equations 

Amphtude Equations 

ih-^ = Y.{Hki - hUki)hi {k = -N/2, ..,N/2). (A.14) 

I 

Mode Equations 

+ E(5E^^™^"'^™'^«)<^^- (« = 1,2)(A.15) 



J 



mn 
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Appendix B. - Functional Calculus 

The basic ideas of functional calculus are outlined here for the case of c- 
number quantities. The two main processes of interest are functional differenti- 
ation and functional integration, but we begin by explaining what is meant by 
a functional. 

Appendix B.l. Definition of Functional 

A functional F[ip(x)] maps a c- number function ip{^) onto a c- number that 
depends on all the values oiipi^x) over its entire range. The independent variable 
X could in some cases refer to a position coordinate, in other cases it may refer 
to time. If X does refer to position then ip{x) is refered to as a field function. 
Note that the functional is written with square brackets to distinguish it from 
a function, written with round brackets. 

We will assume that c- number functions tpi^) can be expanded in terms of a 
suitable orthonormal set of mode functions with c-number expansion coefficients 

OLk 

ipix) =^ak(f)k{x) (B.l) 

k 

where the orthonormality conditions are 



dx r^ix)Mx) = Ski (B.2) 

This gives the well-known result for the expansion coefficients 

ak = dx (p*f.{x)^{x) (B.3) 

and the completeness relationship is 

Y,Mx)cj,l{y)^5{x-y). (B.4) 

k 

As the value of the function at any point in the range for x is determined 
uniquely by the expansion coefficients {ak}, then the functional F[tl){x)] must 
therefore also just depend on the expansion coefficients, and hence may also be 
viewed as a function f{ai, a2, .., ak, -.an) of the expansion coefficients, a useful 
equivalence when functional differentiation and integration are considered. 

F[V'(x)] EE f{ai,a2, .., ak, ..a„) (B.5) 

It is sometimes convenient to expand a field function in terms of the complex 
conjugate modes (j}*j^{x). Thus ^+(x) given by 

i>+{x) = Y. ^ki^X (B.6) 
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is also a field function, and if a^ = a^ then ^+(x) ~ ip*{x), the complex 
conjugate field. 

The idea of a functional can be extended to cases of the form F[')p{xi, X2, ••, a;„)] 
where '0(xi,X2, ..,a;„) is a function of several variables xi,X2,..,x„. For 3D 
fields the situation xi — x,X2 — y,X3 = z is such an application. In addi- 
tion, cases F[ip{x)] where ip{x) is an operator function rather than a c-number 
function occur. For example, ipix) may be a bosonic field operator. In this 
case F[ip(x)] maps the operator function onto an operator. Also functionals 
F[ipi{x),'ip2ix), ..jipiix), ..ipnix)] involving several functions 'ipi{x),ip2ix), ■■,'ipi{x), ..ipn{x) 
occur. For example, a bosonic field operator ip{x) may be associated with a field 
function ipi (x) = ip{x) and the field operator '0(x) ' may be associated with a dif- 
ferent field function ip2ix) = ip^ix), so functionals of the form F[ijj{x),ip^{x)] 
are involved. Of particular relevance are cases where the functional involves 
fields and their complex conjugates, such as F[ip{x), ip^ (x) , ip* (x) , ip^*{x)]. Func- 
tional derivatives and functional integrals can be defined for all of these cases. 

Appendix B. 2. Examples of Functionals 

A typical example of a functional involves an integration process: 

b 

F[tl;{x)] = f dx <j){^p{x)) (B.7) 



where (f>{')p{x)) is some function of ^pix). 

The scalar product of ipi^) with a fixed function x(x) is a typical example 
of a functional (written xbPi^)]) since 

X[i^{x)]= j dxx*{x)^{x). (B.8) 

A functional F[^{x)] may take the form of an integral of a function J^('(/'(x), d^ip{x)) 
involving the spatial derivative dx'>p{x) as well as ipix) 



F[^P{x)] = / dxJ-(V'(x),a,^(x)) (B.9) 

A function 'ip{y) may also be expressed as a functional Fy['>p{x)] 



Fy[^p{x)] = dxS{x - y)ip{x). 

= ^(y) (B.io) 

Another example involves the spatial derivative Vy^{y) which may also be 
expressed as a functional F^y['ip{x)] 



F^y['ijj{x)] = dx5{x - y)\/x'ip{x) 

= v,V(y) (B.ii) 
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A functional is said to be linear if 

F[ciMx) + C2Mx)] = ciFiM^)] + C2F[i,2ix)] (B.12) 

where ci, C2 are constants. The scalar product is a linear functional. 

Appendix B.3. Functional Differentiation 

The junctional derivative sm^) is defined by 

F[^{x) + S^l^ix)] = F[^{x)] + j dx 5^{x) (^^^) (B.13) 

where 5tp{x) is small. In this equation the left side is a functional oiiJ;{x)+5ip{x) 
and the first term on the right side is a functional of ip{x). The second term on 
the right side is a functional of 5tjj{x) and thus the functional derivative must 
be a function of x, hence the subscript x. In most situations this subscript will 
be left understood. If we write 5^{x) = eS(x — y) for small e then an equivalent 
result for the functional derivative at a; = y is 

fSFmx)]\ _ ^.^ / F^x) + eS{x - y)] - F^x)] \ ^ ^^^^^^ 



This definition of a functional derivative can be extended to cases where 
ip{xi,X2^ ..jajn) is a function of several variables or where ip{x) is an operator 
function rather than a c-number function. Also functionals F[ipi{x), ip2ix), .., i'iix), ..'0„(a;)] 
involving several functions ipi{x),ip2ix), -.jipiix), ..ipnix) occur, and functional 
derivatives with respect to any of these functions can be defined. For exam- 
ple, the functional F[ip{x),ip~^{x), ip*{x), ip^*{x)] leads to functional derivatives 
with respect to all four fields defined via an obvious generalisation of (|B.13p , the 
conjugate fields 'ip{x),Tp*{x) and '>p~^ (x) , "tjj^* (x) being regarded as independent 
of each other. 

Finally, higher order functional derivatives can be defined by applying the 
basic definitions to lower order functional derivatives. 

Appendix B.^. Examples of Functional Derivatives 

For the case of the functional Fy[il>{x)] in Eq. ljB.lOp that gives the function 

f f dz 6{z — y) {^{z) + eS{z — x)} — f dz d{z — y) ^p{z) 
= lim 

= Six~y) (B.15) 

so here the functional derivative is a delta function. 
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A similar situation applies to the case where the functional i^vy[^(a^)] in 
Eg. ljB.lip that gives the spatial derivative function Vyip{y). Using integration 
by parts 



F\/y[ip{x) + Sip{x)] = dxS{x -y)\7x{i^{x) + S^p{x)) 

= F^y[il;{x)] + / dxS{x - y) V^S^I^ix) 

= FT7y[il){x)]- I dxVx5{x- y)5il){x) 

= F'^y['ip{x)] + / dx\/yS{x - y)dip{x) 



Hence 



6F^ymx)] \ ^ f Ss7yyj{y) \ 

= VyS{x-y) = -V^5{x~y) 



(B.16) 



so here the functional derivative is the derivative of a delta function. 



Appendix B.5. Functional Derivative and Mode Functions 

If a mode expansion for ip{x) as in Eq. (|B.113P etc. is used, then we can 
obtain an expression for the functional derivative in terms of mode functions. 
By writing 

Sip{x) = y^Jak(f>k{x) 

k 

we see that 

F[il){x)+6^{x)]-F[il){x)] # f dxS^ix) '^'^^^^''^^ 



= ^fofc / dx(t>k{x) 



\ S'ip{x) 

f6F[iP{x)] 



\ 5ip{x) 
But the left side is the same as 

ff , X , X \ ft \ ■ X^ X df{ai,..,ak,..) 
/(«! + dai, ..,ak + dak,--) - /(ai, ..,afe, ..) = ^dak ^ 

Equating the coefficients of the independent Sak and then using the complete- 
ness relationship in Eq. (jB.4|) gives the key result 

f SF['il;{x)] \ .^ a/(5^i^>afe^ 

[-m^)^ = ^""'^^^ — d^k — ^^-^'^ 



dak y'^^^^^^H^^) ' ^^-^'^ 
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These relate the functional derivative to the mode functions and to the ordinary 
partial derivatives of the function /(ai,a2, ..,afc, ..Qfn) that was equivalent to 
the original functional F[ip{x)]. Again, we see that the result for the functional 
derivative is a function of x. 

For the case of the functional F[ip{x),ip'^{x),ilj*{x),i/j~^*{x)] whose equiva- 
lent function based on the expansions (|B.1[) and (|B.6|) is /(afc, a^, a^, a^*), the 
generalisation of (|B.17p is 

f SF[i;{x),^+ix),r{x),i'+*{x)] \ _ ^^ , , df{ak,at,ahatn 

( 5F[4,{x),^+{x),r{.x),i^+*{x)] \ _ ^^,, ^ 9/K,a+,a*,a+*) 

(B.19) 
and 

9/(afe,a+,a*,a+*) _ f , ^ t , ( 5F[ij{x),i;+{x),r{x),i^+*{x)] 



dx(j)k{x) 



dak J V 5ii{x) 

dfiak,a+,ala+*) _ r ^_ ^ f 5Fmx),^+{x),r{x),^J+*{x)] 



''k 



dx(t)l{x) 



dat J '^"^ ""'"'' V Si^+i^) 



df{ak,at,alat*) _ /'^^^*(^) f SF[i;ix),^+{x),rix),i^+*ix)] 



dal J \ S^*ix) 

df{ak,a+,al,a+*) _ /•,,.. fSFmx),ij+{x),r{x),i^+*{x)] 



dx(j)k{x) 



da+* J ^^' ' \ Si;+*{x) 

(B.20) 

which relate the functional derivatives and the derivatives with respect to the 
mode amplitudes. 

Appendix B. 6. Rules for Functional Derivatives 

Rules can be established for the functional derivative of the sum of two 
functionals. It is easily shown that 

( 6{F[^(x)]+G[i;{x)]} \ ^ ( 5{F[i^{x)]} \ ( 5{G[i^{x)]y 

V H{x) ),^y \ 5^{x) J^^y { 5^{x) ,^^y 

(B.21) 

Also, rules can be established for functional derivative of the product of two 

functionals. We will keep these in order to cover the case where the functionals 
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are operators 

(B.22) 
A chain rule for functional differentiation can also be derived for the case 
where a functional G[^y{x)\ involves not just one function ■0(2;)) but a set of 
functions each labelled by a variable y. Since G['ipy{x)\ maps tpy{x) onto a c- 
number which depends on y, we can regard the functional G[iljy{x)] also as a 
function G{y) of the variable y.Now consider a second functional F[G{y)] of this 
function G{y), and we could determine the functional derivative I sg( ) ) ■ 
But F[G{y)] is also a functional of the ipy{x) via 

F[G[i;y{x)]] ^ F[G{y)] 

We obtain the chain rule 



6F[G[ijy{x)]] \ ^ r^ f SF[G{y)] \ / SF[Giy)] \ 



Hvix) J, J ■" \ 6G{y) Jy V 6Giy) ) ._ 



(B.23) 



where we have left the order of the factors as they appeared in order to allow 
for operator cases. 

We may also define the spatial derivative of the functional derivative. Thus 



/ f SF[i,{x)] \ f SF[-4,{x)] 

V 



S4'{^) J^=y+Ay V ■^'^t'") /x=y 

Ay 



^ -/-(£^<-">).J^). <-' 

This expresses the spatial derivative as an integral involving the functional 
derivative and the spatial derivative of the delta function. The result will be a 
function of s. 

A number of other rules may also be established. 

(1) Power rule 



F[iP{x)] = / da;^(x)" 

SF[ij{x)] _ ^^,,,^,„„i 
Sipix) 



nV-Cx)""' (B.25) 



(2) Function rule 



F[i;{x)] ^ I dx (piipix)) 
6F[^{x)] 



Sipix) 



- 0'(^(x)) (B.26) 
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(3) Power derivative rule 



SF[il;{x)] d ,,dM^^_^ 



5'4>{x) dx dx 

(4) Function derivative rule 



dx 



ma^)] ^ _iL„ *L)) (B,28) 



5ip{x) dx d{^) 

(5) Convolution rule 



Fy[i,(x)] = I dxK{y,x)^P{x) 
SFyi^ix) 



Sipix) 



K{y,x) (B.29) 



(6) Trivial rule 



Fy^x)] - ^{y) 

= 5{x~y) (B.30) 



This was proved above. 
(7) Gradient rule 






, - VyS{x-y) = -\/J{x-y) (B.31) 

This was proved above. 
(8) Exponential rule 

F[tP{x)] = expG[V'(x)] 

The exponential rule only applies in this form if F[tlj[x)] and G[tlj{x)\ are c- 
numbers. 

All these rules have obvious generalisations for functionals involving several 
fields, such as F[?/'(a;),-0+(a;),-0*(a;),-0+*(a:;)]. 



Appendix B. 7. Functional Integration 

If the range for the function '4'{x) is divided up into n small intervals Ax, = 
Xi+i — Xi (the ith interval), then we may specify the value ipi of the function 
V'(a;) in the ith interval via the average 

V'i = -r — / dxilj(x) (B.33) 

Axi J 

Axi 

and then the functional F[ip{x)] may be regarded as a function F{ipi, -02, ••, V'ii ••: V'n) 
of all the i/^i . 

Introducing a suitable weight function w('i/'i,V'2, ■•iV'ii •■: V'n) we may then 
define the functional integral for the case of real functions as 

Dil;F[ip{x)] = lim lim / ... / dV'idV'2--dV'i--(^V'n w'(V'i, "02, ••, V'i, •■, V'n) 

n— >oo e— >0 J J 

xF(V'i,V2,..,V'*,-,V'n) (B.34) 

where e > Axi. Thus the symbol D-ip stands for d')pid')p2--d4'i--d'ipn wii'i, ip2, ■■, V'i; •■) V'™)- 
If the functions are complex then the functional integral is 

/ D'^ip F[tl;{x)] = lim lim / ... / d'^ipid'^ip2--d'^ipi--d'^ipnw{ipi,ip2, ■■,il^i, ■■,i^n) 

J n^ooe^aj J 

xF(V'l,V'2,..,V'^,••,V'n) (B.35) 

The symbol D^ip stands for d'^ipid'^ip2--d'^'4'i--d'^ipniJj{ipi,'tp2, --,^^1, ■■,'ipn), where 
with -ipi = ipix + iipiy the quantity d'^'ipi means dipixd'ipiy , involving integration 
over the real, imaginary parts of the complex function. 

For cases involving several complex functions such as F[ip{x), '0+(x), ^*(x), ^+*(x)] 
the functional integrals are of the form 

D^ijD^ij+ F[^l;{x),^+{x),'iP*{x),ij+*{x)] 

-;2,/,. w2,/,_ ^2,/,_ j2j, i;^ i;^ / / j2 i,+ 72j,+ ^2j,+ j2 .,+ 



= lim lim / ... / d^Virf V'2-rf V'*-d V-n lim lim / ... / d^?A+d^V?-'^>, -rf V-n 

XW;(V'l, .., V'J, ••, V'n, V']^, ••, V'i^, ••, V';!', -01, ••, V'j*, ••, C: "0]^*, ••, V'i^*, ••, V'^t*) 

xF(V'i,..,V.,..,V'n,V'^-,V'+,-,V'+,V'i*,-,V'*,-,C>V'r,->V'+*,-,V'+*) (B.36) 

where D'^ip D^ip^ stands for 

dVi • -(^Vj • -f^Vri rfV]^ • -f^ Vj^ • -c?^ v-;!; ^(V'l , . . , V"* , • • , V'ri , V'i'' , • • , V'j^ , • • , V";!; , V'^ • • , V'^^ • • , c : V'i^^ • • , V'j^ 

and where with ip^ — ijjf^ + iijjfy, the quantity d'^^'t means dijjf^dijjf . 

A functional integral of a functional of a c-number function gives a c-number. 
Unlike ordinary calculus, functional integration and differentiation are not re- 
lated as inverse processes. 
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Appendix B.8. Functional Integrals and Phase Space Integrals 

We first consider tlie case of a functional F[-0(a;)] of a real function ipi^), 
which we expand in terms of real, orthogonal mode functions. The expansion co- 
efficients in this case will be real also. If a mode expansion such as in Ea. (|B.113|) 
etc. is used then the value (jj^i of the mode function in the zth interval is also 
defined via the average 

^ j dxM^) (B.37) 



Oki 



and hence 

ipi = ^a/c^fci. (B.38) 

fc 

This shows that the values in the ith interval of the function ipt and the mode 
function (f>ki are related via the expansion coefficients ak ■ For simplicity we will 
choose the same number n of intervals as mode functions. Using the expression 
Ea. (|B.3p for the expansion coefficients we then obtain the inverse formula to 
Ea. (lR38ll 

afc = ^ ^Xi (jiki-'ipi- (B.39) 

i 

Note that this involves a sum over intervals i and the interval size /S.Xi is also 
involved. 

The relationship in Ea. (|B.38p shows that the functions F{ipi, 11^2, ■■, ipi, ■■,'tpn) 
and w{ipi,'ip2, ••, "04 1 ■•! "0") of all the interval values ipi can also be regarded as 
functions of the expansion coefficients ak which we may write as 

/(ai, ..,ak, --an) = F(V'i(ai, ■.,ak, ..a„), ...,ipt{ai, ..,ak, -.an), ■■,ipn) 

(B.40) 

-y(ai, ..,a/c, ..a„) = w{ipi{ai, ..,ak, ..«„), ..., V'i («!,•■, "fc, ••««), ■■,ip7i) 

(B.41) 

Thus the various values ^/ii, -02, •■, ^i, ^2, ■-, "04: ■•; V'm •■: V'n of that the function 
ip{x) takes on in the n intervals - and which are integrated over in the functional 
integration process - are all determined by the choice of the expansion coeffi- 
cients ai,a2, ■•,afc, --(Xn- Hence integration over all the ijji will be equivalent to 
integration over all the ak- 

This enables us to express the functional integral in Ea. (jB.34[l as a phase 
space integral over the expansion coefficients ai, a2, •■, CKfc, ■■ctn- We have 



/Dip Fhp{x)] = lim lim / ... / daida2..dak--dan\\J{ai,a2 



, ..,a/c, ..an) 



xu(ai,a2, ..,a/c, ..a„) /(ai,a2, .., afc, ..a„) (B.42) 
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where the Jacobian is given by 

||J(ai,a2,..,afe,..a^ 
Now using Ea. (|R38| 



doii 

84:., 
dai 


dct2 
da2 


di>„ 


d-^r. 


dai 


da2 



dcKn 

^-02 



doin 



dctk 



4>ki 



and evaluating the Jacobian using after showing that {J j"^ 



the completeness relationship in Eq. (jB.4l) we find that 



||J(ai,a2,..,afc,..a,^ 



n 



1 



(Ax,)i/2 



(B.43) 



(B.44) 
Sik/Axt using 

(B.45) 



and thus 



/Dip F[ip{x)] = lim lim / ... / daida2-.dak..dan 1 f 7-; — r-r-pr 
n-i-ooe-i-Oj _/ J-X (Axi) ' 

xi;(ai,a2,..,afc, ..a„) /(ai, a2, .., afc, ..a„) (B.46) 

This key result expresses the original functional integral as a phase space integral 
over the expansion coefhcients ak of the function ^'{x) in terms of the mode 
functions (jjkix). 

The general result can be simplified with a special choice of the weight 
function 

W{^l,i^2,..,i'^,.■,^n) = l[iAx,y/^ (B.47) 

i 

and we then get a simple expression for the functional integral 

/Dip F[^p{x)] — lim lim / ... / daida2--dak--dan /(ai, 0:2, ..,afe, ..a„) 
n^oae^Oj J 

(B.48) 
In this form of the functional integral the original functional F['ijj{x)] has been 
replaced by the equivalent function /(ai, 0:2, .., a*;, ..a„) of the expansion co- 
efficients ak, and the functional integration is now replaced by a phase space 
integration over the expansion coefficients. 

The relationship between the functional integral and the phase space integral 
can be generalised to cases involving several complex functions. For the case of 
the functional F['ip{x),ip~^{x),ip*{x),'il''^*{x)], where 'ilj{x),'ip~^ (x) are expanded 
in terms of complex mode functions as in (|B.1I) , (jB.6[) and ipi , ipf defined as in 
(|B.33P we have 



i^t = E' 



'-'hi- 



ak = ^AxiCpli-ipi. 

i 

at = y^^ Axj (pkfipt ■ 



(B.49) 
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For variety we will turn the phase space integral into a functional integral. We 
first have the transformation involving real quantities 

akx = y^ Axi {(fikix-^ix + (t^kiY-^iv) 

i 

22 ^^i {4'kiX-'^iY - (l>kiY -fpix) 
i 

y^ Axi [(j)kiX-'^tx - ^'kiY^tv) 

i 

y^ Axi {(j)kix4tY + (f'ktY-'iptx) 



OikY 



''kX 



'■kY 



(B.50) 



In the standard notation with ak = ctkx + "ictkY, otj. — otj.-^ + Ja^y and (Pak 
(fia Sa^ f{a, a^ , a* ,a'^*) 



dakxdakY, d'^oit ~ ^'-"-tx^'^kY ^^^ phase space integral is of the form 



d aid a2--d ak-.d an 



d a^d a^-.d a^..d «„ /(afe, a^, a^,, a^*) 



(B.51) 



and after transforming to the new variables ipix , '4'iY , '4'ix ' '4'iY ^^ S^^ 



d aid a2--d ak-.d an 



d^a^d^a^..d'^a+..d^a+ f{ak,a+,al,a+*) 



d'^id'^2-d'^P^..d'^Pn I ... / d'iP+d'^+..d'iP+..d'i,+ \\J{ak,a+,al,a+*)\\ 

xi^(V'i,..,v.,..,V'n,V'i+,..,V'+,..,V'+,V'i*,..,V';,..,cv'i+*,..,V'+*,..,V',t*) (B.52) 

where the Jacobian can be written in terms of the notation akx ~5- aki, akY ~^ 

o:k2,o:'lx -^ afc3,afcy -> "m and V'ix -^ V'ii.V'iF ^ i^i2,i'tx ^ ^a,'^tY ~^ i'a 
in which the Jacobian is the determinent of the matrix J where 

dakf_, 



\\J{ak,al,al,a-l*)\\ 



II ^k^ if I 

The elements in the AxA submatrix Jk i are obtained from (jB.SOP and are 



(fc = l,..,n;i == l,..,n;/i = l,..,4;t/= 1,..,4) 

(B.53) 



[Jk: 



Axi (l)kix ^Xi 4>kiY 

-Axi <j)kiY Axi 4>kix 

Axi (fikix -Axi (pkiY 

AxiCJiktY Axi(f)kix 



(B.54) 



The completeness relationship (jB.4|) can then be used to show that 

AxiAxj 2j(0feiX (jikjX + (f>kiY <f>kjY) = Axi 6.1 J 
k 

AXiAxj '^{-(j)kiX (j^kjY + (l>kiY <j)k]x) = 



(B.55) 
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which is the same as 



k}i 



[J^J]^^,., = Ax.6.,d.^ (B.56) 



J w j(, 

Hence 

n 
\\Jk^.^.\\^Y[{Ax^f (B.57) 

i=l 

SO that we have finally after letting n — > oo and Axi — > and with d?a = 

4 



Y\d^ak,d^a+^l\d^a+ 



k 



d^ad^a+ /(a,a+,a*,a+*) (B.58) 



= lim lim j ... j d aid a2..d ak.-d a„ 



d a]^d a2 ..d aj^..d a„ /(a^, a^, a^, a^*) 



= Jm^lim / •■• / d''4>id''ilj2-d''i{j^..d''iljn ■■■ d'tp+d^i;^ ..d'^pl ..d'tP^ 
dV^'V^ i^[V'(x),V'+(a;),V'*(a;),V'^*(a;)] (B.59) 



where 7^2^.i?v+ = n rf'^< n '^v. w^cv'i, -, v-n, v-^ -, V'+, v-i*, -, c V'^: -, v-r) 

and the weight function is 

n 
i=l 

and is independent of the functions. The power law (Ax^)^ is consistent with 
there being four real functions involved instead of the single function as previ- 
ously. 

Appendix B.9. Functional Integration Rules 

A useful integration by parts rule can often be established from Ea. (IB.22[) . 
Consider the functional H[ip{x)] = F['ip{x)]G[il^{x)]. Then 

Then 
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If we now introduce mode expansions and use Eq. (JB.17[) for the functional 
derivative of H[tp{x)] and Ea. (jB.48P for the first of the two functional integrals 
on the right hand side of the last equation then 



lim 


lim /.. 


. / daida: 


2 ■ -dcXk ■ -doin 


k 


dh{ai,..,ak, 
dak 


A 


lim lini) ](l3lix) 

k 


/■■ 


. 1 daida2 










x{h{ 


ai, ..,ak 


,..)«, 


,^ + oo 


- h{ai,.., 


ak,:)ak^- 


-co}. 


.dan 





so that the functional integral of this term reduces to contributions on the 
boundaries of phase space. Hence if h{ai, ..,afc, ..) — ?> as all ak — ^ ±oo then 
the functional integral involving the functional derivative of H['ip{x)] vanishes 
and we have the integration by parts result 

All these rules have obvious generalisations for functionals such as 
F[il;{x),ip~^{x),ip*{x),ip^*{x)] involving several fields. 

Appendix B.IO. Restricted Functions 

It is necessary to also consider functionals involving c-number field functions 
ip^ {x) which are still based on an expansion in terms of orthonormal mode 
functions 4>k{x), but where there is some restriction on the modes that are 
included. Such functions will be referred to as restricted functions. Examples 
include the fields ■0(7(r), V'c'(r),'0wc(r),'0Arc('') used for condensate and non- 
condensate modes in the theory of Bose condensates, where even the combined 
condensate and non-condensate modes are subject to a restriction, in that modes 
associated with a momentum greater than a cut-off value are excluded. 

Thus we have 

K 

k 

where the specific restricted mode expansion for the restricted set K is signi- 
fied by the symbol K. Other restricted sets involving different modes will be 
designated L, M etc., with expansion coefficients 7^, 5k etc. 
Orthonormality conditions still apply to all modes 



dx (t)l{x)(t)i{x) = Ski (B.63) 

and this gives the well-known result for the expansion coefficients 

h = I dx^l{x)^l;''{x) (B.64) 
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However the completeness relationship is now 

K 

J2My)rk{^)=5K{y,x). (B.65) 

k 

which defines the restricted delta function dKiy,x) for the K set. This is a 
function of two variables x and y, and does not depend on y — x. 
The restricted delta functions have some interesting properties 

dxdy(l)i{y)dK{y,x)(f>.mix) = Si.^ {l,meK) 

= {l(^K,m(j^K) (B.66) 

„ „ K L 

dxSK{y,x).SL{x,z) = j dx^(t)k{y)(lyl{x)^(j)i{x)(j}*i{z) 

■' ■'hi 

K L 

= ^(l}k{y)5k,i ^4>*i{z) 

k I 

= 6Kx6K{y,z) (B.67) 



and 



dx5K{x,x)^NK (B.68) 



where Nk is the number of mode functions in the set K. Unlike the normal 
delta function the restricted delta functions are non-singular and can be treated 
as standard c-number functions within expressions. 

Appendix B.ll. Functionals of Restricted Functions 

As for general functions, & functional F[il}^[x)\ of restricted functions ip^{x) 
maps the c-number function ip^ (x) onto a c-numher that depends on all the 
values of ij:^ {x) over its entire range. 

The restricted function ip^ (y) can be expressed as a functional Fy[ip^ (x)] 
of the restricted function il}^{x). In terms of the restricted delta function we 
have 

i^'^iy) = JdxSK{y,x).ij''{x) 

= Fy[^j^{x)] (B.69) 

showing how i/j^ (y) can still be written as a functional Fy[i/j^{x)] oiip^ (x), but 
now Eq. (jB.69|l applies which involves the restricted delta function Sx{y,x) as 
a kernal, rather than Eq. (jB.lOp which involved the normal delta function and 
applied to functions ip{x) with unrestricted mode expansions. 
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The spatial derivative 'Vy'ip^{y) of the restricted function ip^{y) can also be 
expressed as a functional Fyy[ip^ {x)] of ip-^ (x). Using (JB.69P we have 

VyV'^(2/) = dxWy5K{y,x).i^^(x) 

= Fvyi^'^ix)] (B.70) 

which now involves Vj^(5i<-(y, x) as a kernal. We can confirm the validity of 
(|B.70p by substituting for ip^ (x) from (jB.62p which gives 

K 



/ dxVySK{y,x).ilj'^{x) = ^/3fc / dxVySK{y,x).(j)k{x) 

•^ k -^ 

K ^ r 

" X!^*^ X! / dxVy4>i{y)(t)*{x).(t)kix) 



k 
K 



Y^ISk'^yMy) 

k 



as required. 

As the value of the function at any point in the range for x is determined 
uniquely by the expansion coefficients {/3fc}, then the functional F[iIj^ (x)] must 
therefore also just depend on the c-number expansion coefficients, and hence 
may also be viewed as a function g{j3i^j32, --j/^fc, ../3„) of the expansion coeffi- 
cients^ a useful equivalence when functional differentiation and integration are 
considered. 

F[^^(a;)]=g(/3i,/32,..,/3fc,../3„) (B.7f) 

Appendix B.12. Related Restricted Function Sets 

We may also consider restricted functions based on the conjugate modes. 
This set will be referred to as K* or K^ . Thus the previous equations become 

K 



i;^+ix) = Y.^l^'^^'^k (B.72) 

k 

Pt = /"dx0fc(x)^^+(x) (B.73) 

K 

5K+{y,x) = J2<f>Uy)M^) (B.74) 



where the last equation defines the restricted delta function for the K^ case. 
We note that the restricted delta function 6K+{y,x) is related to the previous 
one via 

^K+{y, x) = 6k{x, y). (B.75) 
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We can again write the restricted function ij)^~^{y) as a functional Fy[ij)^^{xy\ 
via 



dxSK{x,y).^p'^+{y) 

= Fy[^^+ix)] (B.76) 

Similarly the spatial derivative Wyip^^{y) of the restricted function is also 
a functional Fv ['0"'^'^(a;)] given by 



Vy^" + (y) = J dxVySK+iy,x).i;^ + ix) 

^ j dxVy5K{x,y)4^+{x) 

= Fv„[^^+(x)] (B.77) 

Note that considered as a function oft/, the restricted delta function Sfciv, x) 
is a member of the K set of restricted functions ip^{y) (the expansion coefficients 
are 0^(x)). On the other hand, considered as a function of x the restricted delta 
function 5K{y, x) is a member of the conjugate set K^ of mode functions 4>l.{x) 
(the expansion coefficients are (pkiy))- 

As the value of the function at any point in the range for x is determined 
uniquely by the expansion coefficients {/3^}, then the functional F[-0^+(a;)] 
must therefore also just depend on the c-number expansion coefficients, and 
hence may also be viewed as a function g^iPi , (32 , .., (3^ , ■■Pn) of the expansion 
coefficients, a useful equivalence when functional differentiation and integration 
are considered. 

F[i^^+{x)] ^ .9+(/3+,/3+, ..,/3+, ../3+) (B.78) 

A second related restricted set is the complementary set K which includes 
all the other orthonormal mode functions not included in the K set. 

Clearly, any function can be expanded in terms of modes in the K and K 
restricted sets. Thus we now have 

K K 

^{x) = ^ 7*; </'fc (a;) + ^ 7fc 0fe (a;) (B.79) 

k k 

-tk ^ f dx(l)l{x)tP{x) keK,K (B.80) 

K 

%(y,x) = ^(/),(2/)0^(x)= ^ Ji(y,x) (B.81) 

k L^K 
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and now the full Dirac delta function is 

K K 



6iy, x) = J2 MvWki^) + E ^kivWkix) (B.82) 



fe 



The general function ip{y) may be written as a functional Fyliplx)] of "tp^x) 
involving the full delta function 



ip{y) ^ / dxS{y,x).ip{x) 

= Fy^x)] (B.83) 

Applying (JB.67P we obtain the interesting result 

dx6K{y,x).Sj^{x,z) =0 (B.84) 

Note that the full delta function is still written as a function of x and y. 
Because the total set of functions is still restricted it will have a narrow though 
finite width and can be treated like a normal function. 

Appendix B.13. Functional Derivatives for Restricted Functions 
The functional derivative sTkiV is defined by 



i5i>^(a;) 



F[ij''{x)+5^''{x)]^F[rP''{x)]+ j dxS^^ix) (^^^^ 



(B.85) 



where Sip^ {x) is a small change in ip^{x). Since as in (|B.7ip the functional is 
equivalent to a function of the expansion coefficients /3fc, the only meaningful 
change to ip^{x) would be associated with changes S(3k in these expansion coef- 
ficients and thus Sip^ (x) will be within the K restricted function space. In this 
equation the left side is a functional of iIj^{x) + 6ip^{x) and the first term on 
the right side is a functional of ip^{x). The second term on the right side is a 
functional of S^^{x) and thus the functional derivative must be a function of cc, 
hence the subscript x. In most situations this subscript will be left understood. 
Thus the functional derivative will be defined in terms of changes to the 
restricted function of the form 

K 

5^^(a;) = E,5/3fc(/.fe(x) (B.86) 

k 

As the functional derivative is just a function of x we can expand it in 
terms of all the conjugate modes (these also form a full basis set of orthogonal 
functions) 

f6F[,p^ix)]\ ^ 



\ (SV^(a;) 
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then we have 



K 



I 

K 



k 
k 

since the contributions from modes I not in the K^ set will be zero using orthogo- 
nality. This shows that any contribution to the functional derivative from modes 
4>i{x) outside the K'^ set cannot contribute to F['ip'^ {x) + Sij^^ {x)] — i^[?/'^(a;)], 
and hence can be arbitarily set to zero in determining the functional derivative 
with respect to restricted functions ip^ (x) in the K set. Thus we have 



fSF[ip'^{xy' ^ 



\ JV^(x) 



J2vkrk{x) (B.87) 



showing that the functional derivative is a function in the if + = K* set. 

Noting that the function 6k {x, y) is within the restricted function space, we 
may obtain a useful expression for the functional derivative by applying (jB.691) 
for a function in the K* set. Since (5/f+(y,x) = 5K{x,y) this shows that the 
functional derivative may be obtained by choosing 6ip (x) — e6K{x, y) for small 
e in the definition (|B.85[) 

lim ( Pi^''i^)+^^K{x,y)] - F[i:^{x)[ 
e-s-O \ e 

To confirm that the right side of the last equation does in fact give ( xik/ V 
we substitute from (|B.87|) 

r^ c , ,fSF[ip''{x)]\ ^ f^,, ,^,, , 

/ dxdK(x,y)[ g^K(^\ ) = Z^'^'t / dxdK[x,y)4>k{x) 

K K „ 



k 
K 

^Vkcj^liy) 

k 
/ Jf[-0^(x) ]' 

\~HHx) ,y 
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as required. Thus we have the useful expression for the functional derivative of 
restricted functions 

We may also have functionals F[-!/'^(x), V'^la;)] that involve two functions 
•tp^ix), ip-'"{x) in two different restricted sets K, L. The straight-forward gen- 
eralisation of useful result (jB.SSp is 

f5F[ij^(x),^'^{x)]\ _ ^^^fF[ij'<{x) + e5K{x,y),^^{x)]-F[^'<{x),i^'^{x)] 



\ Sij;^ [x) J i'-^a \ e 



(B.89) 



r SF[,p^{x),^^{x)] \ ^ / f[^^(x),V>^(x)+eJL(a;,y)]-f[V^^(x),V>^(x)] 



(B.90) 

Similar results apply for the functional derivative ^1^+ A^ with respect to 
the restricted function ip^^{x) in the if+ = K* set, which is defined by 

F[,p^+{x)+S^P^+ix)]^F[i;^+{x)]+ldxd^^+{x) ( '^^|^t7(if ) (B-91) 

where (5-0^+ (x) is a small change in ?/'-^+(a;). The function Sip^~^{x) be asso- 
ciated with changes S/3'^ in these expansion coefficients and thus 64'^'^ (x) will 
be within the K'^ restricted function space. We then have 



fSF[tp'^+{x)r ■^' 



V SipK+ix) 



Y.'^tMx) (B.92) 



showing that the functional derivative is a function in the K set. 

Also the function 5K+{x,y) is within the restricted function space, we may 
obtain a useful expression for the functional derivative as 



SF[^'^+{x)]\ 


= lim 




= lim 

e-fO 



F[i;^+{x) + edK+{x,y)] - F[i;^+{x)y 

(B.93) 



e 

F[i;^+{x) + eSKiy, x)] - i^[V'^+(a;)] 



Appendix B.I4. Examples of Restricted Functional Derivatives 

To obtain the functional derivative of the function tp^{y) with respect to 
ip^{x), we note that this derivative exists as a function of x in the K^ = K* 
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restricted set since ip^di) is also a functional ip^ (y) ~ Fyl^Jj^ (x)]. We can thus 
use the expression (jB.SSP 



J duSK{y,u){ip'^{u) +eSK{u,x)} - J du S k (y , u)ip^ (u) 



lim 

e-i-O 



lim / duSxiy^u) Sk{u,x) 

e— 7-0 



= SK{y,x) (B.94) 

where (jB.67|) has been used. As noted before considered as a function of x, the 
derivative of ip^ (y) with respect to ip^ (x) is in the K* restricted set, but is in 
the K set considered as a function of y. This result is the modification of (IB.15|) 
for restricted functions. 

A further result can be derived for when the functional derivative is with 
respect to tp^{x) is in a different L restricted set. Applying (jB.90|) we get 



J duSK{y,u)ip^{u) - J dudK{y,u)ip^{u) 



= lim 

= (B.95) 

since the functional ip^ (y) = Fy[tjj^ (x) , ip'" (x)] does not involve iIj^{x) at all. 

For the functional derivative of the spatial derivative V^i/'^C?/) of the func- 
tion tp^ {y) with respect to ip^{x), we note that this derivative exists as a 
function of x in the K~^ = K* restricted set since Vj,i/'^(y) is also a functional 
yy'ip^{y) — F^ ^[ip^ {x)]. We can thus use the expression (jB.88|) 

f-i^V,^-(,)) . ^^fFy[^-{u)^e6.iu,x)]-Fy[i:-i^u)]\ 

_ y f j duVy5K{y,u){ip^{u) + e5K{u,x)} - J du'Vy5Kiy,u)ip^{u) 

= lim / duWySx:{y,u) Sfc{u,x] 



= Vy ( / duSK{y,u)5Kiu,x) 

= Vy6Kiy,x) (B.96) 

showing that the functional derivative involves a spatial derivative of the re- 
stricted delta function with respect to y. As pointed out previously, considered 
as a function of x the functional derivative is in the K'^ set. Note also that 
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we see that the functional derivative and the spatial derivative processes can be 
carried out in either order 



6 



('.*"(.))_ ^ '. (s^*"(!')), 



- VySKiy.x) (B.97) 

We also can obtain similar results for the function ip^^{y) which is in the 
K^ = K* restricted set, and can be written as a functional Fy['il>^^{x)] = 
ip'^+iy). Thus 



J duSK+{y,u){^p^+{u) +eSK+{u,x)} - J duSK+iy,u)ip'^+{u) 



— lim 

= lim I I duSK+{y,u)SK+{u,x) 

= SK+{y,x) 

= 6K{x,y) (B.98) 

For the spatial derivative Wytlj^^{y) of the function ilj^^{y) we have 

/^^ ., A ^ ^^rF.^ir-iu)^eS.,iu,x)]-F.^l^^Hu)]^ 
\dip^ + {x) Jx <'^°\ e / 

_ ,. f j duVy5K+{y,u){^^+{u) +e5K+{u,x)} - f du\'ySK+{y,u)ip^+{u) 

e-)-0 \ e 

= Inn ( / duVy5K+{y,u)5K+{u,x) 



duVy5K{u, y) Sk{x, u) 

^ySK{x,y) 

VySK+{y,x) (B.99) 



as expected. Note also 



^ ^ -^LK+f„.\ _ yy f S ,K+, 



V,V^ + (y) ^ V, -^^-^^^ + (y) 



^ VydK+{y,x) (B.lOO) 

Appendix B.15. Restricted Functional Derivatives and Mode Functions 

We can obtain an expression for the functional derivative f ^jik, V ) with 

respect to restricted function ip^ (x) in terms of the ordinary derivatives of the 
function (jB.71|) that is equivalent to the functional. 
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Substituting from (jB.86[) we see that 
F[i;^{x)+6i,^{x)]-F[^^{x)] = jdx6^^{x) ( '^^^t'lif 









But the left side is the same as 



K 



Equating the coefficients of the independent 8ak and then using the complete- 
ness relationship in Eq. (jB.74p gives the key result 



(6Fwim\ .x:0*(.)M^i^-^ (B.ioi) 



V H^x) y,"^''"''^' dp. 

This relates the functional derivative to the mode functions and to the ordinary 
partial derivatives of the function g(/3i, .., /3k, ■■l^n) that was equivalent to the 
original functional F[iIj^{x)]. Again, we see that the result is a function of 
X. Note that the functional derivative involves an expansion in terms of the 
conjugate mode functions (j^^ix) rather than the original modes (j)k{x). 
The last result can be put in the form of a useful operator identity 

where it is understood that the left side operates on an arbitary functional 
F['0'^(a:)] of the restricted function ijj^ {x) and the right side operates on the 
equivalent function g[l3i, .., /3fe, ..). 

We can obtain a similar expression for the functional derivative I !;jk+(V ) with 

respect to restricted function %Ij^^{x) in the K'^ set in terms of the ordinary 
derivatives of the function (jB.78[) that is equivalent to the functional. 

The last result can be put in the form of a useful operator identity 

where it is understood that the left side operates on an arbitary functional 
F[^^^{x)] of the restricted function ip^^{x) and the right side operates on the 
equivalent function .g'''(/3i , .., /^^T, ..)• 
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The spatial derivative of a functional derivative can be found from 



^^[-WH^J. = U^^M^)} g^^ (B.ioo) 

n ^^^+(-) J. ~ l.{V.^'c(x)} ^ (B.106) 

in the two cases of functionals oitp^ (x) or tp^^ (x) . Clearly the spatial derivative 
acts only on either the (t>1{x) or the (l)k{x). 

The last results can be put in the form of operator identities 

6 \ J^._ ., .. d 



J2i^^rk{^)}j^ (B.107) 



where it is understood that the left side operates on an arbitary functional 
F[ip^ (x)] or F[tp^'^{x)] of the restricted function ip^ (x) or ip^'^{x) respec- 
tively, and the right side operates on the equivalent function g{Pi, .., (3k, ■■) or 
g~^{f3^ , .., (3^ , ..). These operator forms are useful in deriving results for applying 
functional derivatives in succession. 

As an example of applying these operator identities consider the case of the 
functionals FyiiP^ (x)] = ^^(y) = E Mkiv) and Fy[,p^+{x)] = ^^+(y) = 



S 4'*k{y)Pk ■ Since in these cases 



k 



we have 



^g(/3i,..,/9fc,..) , , . %+(/3+,..,/3+,..) 
oPk d/3^ 



SiP^ix) 

K 



K 



= ^4>*k{x)4>k{y) = 5K{y-,x) 






k 

for the functional derivatives as before, and 



^-{j!pr^) ^ ^{V.0^(x)}0fe(y) -V.<5k(2/,x) (B.109) 



l,K+( NX K 



^-f lti^+l!! ) = J2i^-M^)}'l'kiy)^'^:oSK+{y,x) (B.iio) 



Vf^V-^+lx) 
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for the spatial derivatives of the functional derivatives. 

Similarly for the spatial derivative functionals F^y[ip^ {x)] = Wyip^{y) 



Y^hVyMy) and F^yi-iP^+ix)] = VyV'^+Cy) = E Vj,0^(y)/3^ . Since in these 



k 

cases 



we have 



— Wu — ^ ^'^'^'^ M ^ '^'^'^ 

syy^''{y)\ ^ f2'l'li^)^yMy) = ^ySK{y,x, 

k 
K 

= ^4>k{x)Vy(j)l{y)^Vy5K+{y-,x) 



SVyiJj'^+iy) 



k 



dijj^+{x) 
which are the same results as before. Note the distinction between 



frVy£Hyl\ 

and Vx ( glK I I ) - the first being the functional derivative of the y spatial 

derivative Vy'ip^{y) with respect to ip-^{x), the second being the x spatial 
derivative of the functional derivative of tp^ {y) with respect to ip^ {x). 



Appendix B.16. Functional Derivatives in Theory of Bose-Einstein Condensates 

The theory of Bose-Einstein condensates (BEC) often requires separate con- 
sideration of certain highly occupied modes - the condensate modes, and other 
sparsely occupied modes - the non-condensate modes. In phase space distribu- 
tion functional methods these two types of modes can be used in defining conden- 
sate fields and non-condensate fields as restricted functions, and the treatment 
presented in this section can then be used in evaluating the various functional 
derivatives. 

In applying these rules to the BEC problem, the following functional deriva- 
tive results can be obtained as straightforward generalisations of (|B.94p and 
IIB.95|) . The general functions ■(/'(r) and V^lr) each will be used to cover 
the results for condensate and non-condensate modes. For the case where 
'0(r) = '!/'c(r) the restricted set K refers to two modes (piir), 02 (r), and for 
the non-condensate case where ^p{r) = V'Arc(r) the restricted set K refers to the 
remaining modes 0fe(r). For the case where ^p'^{r) = ipci^) ^^^ restricted set K~^ 
= K* refers to two conjugate modes <j>l{r), (?!)2(r), and for the non-condensate 
case where ?A"'"(r) = ip^fj{r) the restricted set K refers to the remaining con- 
jugate modes (/'^(r). Because the coefficients are unrelated we are dealing with 
functionals such as the distribution functional 
P[?/'c(r),V'cW,V'wc(r),V'wcW'V'c(i"),V'c*(r),V'wc(i")>wcW] which involve 
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eight independent functions, namely i/^clr), '(/'c('')' 4'nc{'^), 4'~Nci^) P^^^ ^^^ com- 
plex conjugates Vc(r), V'c*('")' V'wc('')>Jvc(i")- 

A A 

-V'(r) = (5/f(r,s) — -— -i/'+(r) = (5a-+(i",s) = 57<(s,r) 



-^j+{r) ^ — -— i/;(r)=0 (B.lll) 



S^{s)' ' ' <5V'+(s) 

Note the reverse order of r, s in the second result, due to (jB.95p . The func- 
tional ■0(r) is not a functional of -0+(s) and vice- versa, the other two functional 
derivatives are zero. Similarly the functional derivatives of condensate fiels with 
respect to non-condensate fields are zero, and vice-versa. Thus 

— ^^jvc(r) = ^^^+ (r)=0 
oV'c(s) Hc^^) 



otpc{s) ^ oV'c(s) 



with four other results obtained by interchanging C and NC. 
Appendix B.17. Supplementary Equations 

Field Expansions 



V'c(r) = 


= ai0i(r) -ha2 02(r) 


(B.113) 


^+(r) = 


= 0t(r)af +</-;« «2+ 


(B.114) 


i'Ncir) = 


= ^ afe'/'fe(r) 


(B.115) 


^itc(r) = 




(B.116) 
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Appendix C. - Quantum Averages 

To prove Eq. (jC.l[) it will be convenient to treat the condensate operators first 
ignoring the non-condensate operators and with the quasidistribution functional 
being purely of the Wigner type. Following that we then reverse the process 
by treating the non-condensate operators with the quasidistribution functional 
being of the positive P type. 

Appendix C.l. The Condensate Averages 

The functional derivative of the symmetrically ordered characteristic func- 
tional with respect to say, ^(r) is defined by 



'5x^K(r),r(r)]^ _j.^^x'^K(r)+e^(r-ri),e+(r)]-x^K(r),e+(r)] 



It is not difficult to see that 

x'^K(r) + 6<5(r-ri),e+(r)] 

D^^D'^^+W[iI){v),^+{v)] 

xexpi dv {(^(r) -I- e5(r - ri))V'+(r) + V'(r)^+(r)} 

+ie llll D^'tljD^i;+W[ilj{r),ij+{r)]'ilj+{ri)expi f dr {C(r)V'+(r) -h VWC+WI 
Thus the functional derivative is 



xi^+(ri)expi / dr {^{r)'ijj~^{r) + 'il){r)^^{r)}. 



Note that the field function at position ri is still subject to the functional 
integration. 
Similarly 

xz'0(ri)expi / dr {^{r)'ijA{r) + ip{r)^'^{r)}. 



Thus we see that these functional derivatives are in the form of expressions for 
characteristic functionals in which W^[-(/'(r), V'^lr)] is replaced by iip^{ri)W[il;{r),ip~^{r)] 

or i'ip{ri)W[ip{r), V'^(r)]- 
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Continuing in this way we may establish a resuU for higher order functional 
derviatives 

DV D^^J^ W[tl;{r),^j+ (r)] 
x«P+« ^+(ri) yj+{r2) ..^+(rp) ^(s,) ..^'(sz) iZ-Csi) 
xexp./rfrU(r)^+(r)+V^(rr(r)}. 

where for bosonic systems the functional differentiation can be carried out in 
any order but with the differentiation with respect to ^(r) involving positions 
ri, r2, .., Tp and the ^+(r) differentiation involving positions s^, .., S2, Si. 

Evaluating the functional derivatives and then letting ^(r),^+(r) all ap- 
proach zero (symbolically ^ — ;■ 0), we have for bosonic systems 



'5^+''X^K(r),C+(r)] 



e^o 



^\ I S \ I / ri,r2,..,rp;s,,..,S2,si; 

x^P+'' ^+(ri) V'+lra) ..^+(rp) V'ls,) ..V'(s2).V'(si) 

We then apply the same process to the definition of the characteristic func- 
tional 



X^K(r),e+(r)] = Tr(p cxpy drzU(r)*t(r) + vI/(r)e+(r)} 

= ^— rr(p ( / rfri^(r)$t(r)+ / dr $(r) i^+(r) 

Now with A{^{v)\ = /drz^(r)$t(r) and i?[C+(r)] = /dr $(r) j^+(r) there are 
^kp-i q) = (p+'z)!/-?'?' ways that the operator A appears p times and the operator 
B appears q times when we expand (A + B)" (where n — p + q) and each order 
of these operators appears once. We can introduce the symbol {{A)p {B)"^} to 
denote the average of these N{p, q) ordered products 

{{Ar {Br} = ^^^ [(Ar {by + {Af-^ {Sy {X) + ... + {Sy {ir) 

and write 

^^[^{r),^+{r)]=J2^Tr{p{iAr{Br}). 
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In this form it is convenient to calculate the functional derivatives, since 
y4[^(r)] and i?[^+(r)] are functionals only of ^(r) and ^"'"(r). respectively, so their 
functional derivatives with respect to the other function will be zero. Then 



SA[^ir)]\ ^ ^.^/AK(r)+e(5(r-ri)]-A[e(r)] 



S^{r) / e^O 



lini 



ze$t(ri^ 






Similarly 



= i*'(ri) 



i*(si) 



We see that each time that either A[^(r)] is differentiated with respect to ^(r) or 
i?[^+(r)] is differentiated with respect to ^+(r) an operator results, and there- 
fore no further functional differentiation can occur. We also note that as ^ — > 
both yl[^(r)] and _B[^+(r)] become zero. To proceed further we need to calcu- 
late functional derivatives of products of A[^(r)] and i?[^+(r)]. This can be 
carried out by applying the general rule for functional derivatives of products of 
functionals. Consider the term {{A)f (B)'^} (which is the average of the N{p, q) 
ordered products where A[^(r)] appears p times and i?[^+(r)] appears q times). If 
each of the terms in {{A)p (13)'^} is differentiated less than p times with respect 
to ^(r) then there will be at least one factor A[^(r)] still remaining and thus as 
^ — ;■ the result of the differentiation will be zero. Similar conclusions apply if 
the term in {{A)p (B)'^} is differentiated less than q times with respect to C~''('")- 
On the other hand if ach of the terms in {{A)p (B)"^} is differentiated more than 
p times with respect to ^(r) then the result of the differentiation must be zero 
because after the pth differentiation all of the j4[^(r)] will have been replaced 
by a factor ^^^^(ri) and therefore further functional differentiation with respect 
to ^(r) will give zero. Similar conclusions apply if if the term in {{A)^ (B)"^} 
is differentiated more than q times with respect to 5+ (r) . Hence only the p, q 
term in the last expression for x[^(r),^"'"(r)] contributes in the required result 
for 






ri,r2,..,rp;s,,..,S2,si; 
«^0 



\ ^ ' ri,r2,..,rp;s„,..,S2,si; , 
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Now consider the pth functional derivative of any term in {{A)p (B)'^} with 
respect to the ^(r), where the q factors i?[^+(r)] are just represented by dots. 
The result will be the sum of products of factors i^t(ri),i\['^(r2), .., i^^(rp) in 
all p! orders 

( SP{A[ar)]..A[^{r)]..A[ar)]..A[ar)]rA ^"° 

^ ^ ri,r2,..,rp 

= .^^($t(r^J..$t(r^j..$t(r^j..$t(r^j) 
p 

where the sum is over all permutations P =t (^^••^••~) of 1,2, ..,i, ..p. 

Considering also the qth functional derivative of the same term in {{Ay (i?)''} 
with respect to the ^+ (r) we get overall 

/ ^P+n%(r)]..gK+(r)]..%(r)].JK+(r)]..l[g(r).J[g+(r)]])P-A ^"° 
i 5PC(r)<5«e+(r) 1 

\ / ri,r2,..,rp;s,,..,S2,Si 



^($t(r^J..$(s;,J..$t(r^j..$(s^j..$t(r^j..$(s^j) 



where the second sum is over all permutations Q =t I -^..-l..^^ J of g, .., i, .., 2, 1. 

Now within each of the N{p,q) = (p + <7)!/p!(7!orderings of products of A 
and B where A appears p times and B appears q times, there are pi order- 
ings of the \1/^ operators and (/lorderings of the ^ operators, giving a total of 
M{p, q) = N{p, q) plql = (p + g)! different orderings of the p operators '^^ and 
the q operators ^ , and all possible orderings are present in view of the sum over 
the permutations P, Q. Taking into account the factor l/p\ql we see that the 
when the differentiation is applied to the quantity {{A)p (B)'^} itself we see that 
we just get iP+«{$t(r^)$t(i.2)....$t(i.p)$(si)..$(sg)}. Thus 

=zP+9Tr(p{$t(ri)$^(r2)....$t(rp)$(s,)..$(si)} 

where the symmetric ordering symbol is given by 

{$t(ri)$t(i.2)....$t(i.p)$(s^)..$(s^)} 

In the the sum over R is over all {p + q)l orderings JR of the factors 

$t(ri)$t(i.2)....$t(rp)$(s,)..$(si). 
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Hence we obtain the following key result for the quantum average of the 
symmetrically ordered product {^'l'(j-j^)\]/t(j.2)....\]/t(i-p)vl/(sq)..^(si)} of the field 
operators 

= Tr (p{$t(r,)$t(i.2)....$t(i.p)$(sg)..$(si)} 

D"^^ D'^il)+ W[^{v),%l)+ {v)] 

x-0+(ri) V'^(r2) ••'0+(rp) -0(8^) ..-0(82) ■0(si) 

This result gives the required synmmetrically ordered average as a functional 
integral involving the quasi-distribution functional VF[0(r),-0+(r)] times the 
product of the field functions, with the field operator ^^(r^) being replaced by 
4'^{Yi) and ^(sj) being replaced by iIj{sj). 

Appendix C.2. The Non-Condensate Averages 

The functional derivative of a normally ordered characteristic functional with 
respect to say, ^(r) is defined by 



5XNUr).i+{v)]\ _j.^^XivK(r)+e'5(r-ri),e+(r)]-XivK(r),e+(r)] 



It is not difficult to see that 

XArK(r)+e(5(r-ri),e+(r)] 

D^i) D^i}+ P+[7/;(r), ?A+(r)] 



xexpi / dr {(^(r) + e(5(r — ri))'i/;^(r)}cxpi / dr {'0(r)^"'"(r)} 

= XNUv),t{r)] 

+ie lllf D^iPD^i:+P+[tP{r),i:+{r)]tlj+{ri)cxpi / dr {^(r)V'+(r)} cxpi / dr {i:{r)^+ {r)} 



Thus the functional derivative is 

rr 

D^iPD'^i;+ P+[iP{r),'(P+(r)] 

xi-0+(ri) cxpi / dr {^(r)-0^(r)} expi / dr {■0(r)^+(r)} , 



( SxN[ar),C+{r)] \ 



Note that the field function at position ri is still subject to the functional 
integration. 



Ill 



Similarly 

+ (r\]\ rrrr 



fSxN[ar),e{r)]^ _ llllr.2^,r.2 



xi-0(ri)cxpi / dr {^(r)'(/'^(r) expi / dr {ip{r)^^ (r)} . 



Thus we see that these functional derivatives are in the form of expressions for 
characteristic functionals in which P+[-0(r), '(/'^(r)] is replacedby iV'^(ri)-P^['(/'(r),'0^(r) 



or 



iV'(ri)P+[V'(r),V+(r)]. 



Continuing in this way we may establish a result for higher order functional 
derviatives 



/ ffl+-?XAr[e(r),g+(r) 



ri,r2,..,rp;s,,..,S2,si; 
2„/. n2„ 



DV L»2^+ P+ [tlj{r),i:+ (r)] 
xzP+« ^+(ri) 7A+(r2) ..^+(rp) ^(s,) ..^-(82) V(si) 
xexpz / dr {^(r)'0^(r) expz / dr{tp{r)S,^{r)}. 

where for bosonic systems the functional differentiation can be carried out in 
any order but with the differentiation with respect to ^(r) involving positions 
ri, r2, .., Tp and the ^+(r) differentiation involving positions s^, .., S2, Si. 

Evaluating the functional derivatives and then letting ^(r),^+(r) all ap- 
proach zero (symbolically ^ — S- 0), we have for bosonic systems 



SP+^XN[ar),^'-{r)] 



«^o 



SP£(r)Sif+(r) , 

^\ I >• \ I / ri,r2,..,rp;s,,..,S2,si; 

x^P+'' ^+(ri) ^+(r2) ..^+(rp) ^(s,) ..^(ss) ^/.(si) 

We then apply the same process to the definition of the characteristic func- 
tional 

XivK(r),e+(r)] 
^ r.(pexp/.r.U(r)$t(r)}exp/.r.{$(rr(r)} 
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Now with A[^(r)] == Jdri^{r)d^r) and S[^+(r)] = / dr $(r) z^+(r) we see 
that 



rK(r),e+(r)]=^4T^r(p(l)P(B)«). 



XN[ ^^ , , 

^^ p\q\ 

keeping strictly to the operator order. 

In this form it is convenient to calculate the functional derivatives, since 
y4[5(r)] and i?[^"'"(r)] are functionals only of ^(r) and ^"""(r). respectively, so their 
functional derivatives with respect to the other function will be zero. Then 




= lim 



lim 



A[ar)+ed{r-r,)]-A[ar)] 



ze$t(ri^ 



e->-0 \ e 

i$^(ri) 



Similarly 



= «*(si) 



We see that each time that either A[^(r)] is differentiated with respect to ^(r) or 
i?[^"'"(r)] is differentiated with respect to ^+(r) an operator results, and therefore 
no further functional differentiation can occur. We also note that as ^ — > 
both A[^(r)] and _B[^+(r)] become zero. To proceed further we need to calculate 
functional derivatives of powers of A[^(r)] and i?[^+(r)]. This can be carried out 
by applying the general rule for functional derivatives of products of functionals. 
Consider the term {AY {BY where A[^(r)] appears p times and _B[^+(r)] appears 
q times. If each of the terms in {AY {BY is differentiated less than p times with 
respect to ^(r) then there will be at least one factor y4[^(r)] still remaining and 
thus as ^ — > the result of the differentiation will be zero. Similar conclusions 
apply if the term {AY {BY is differentiated less than q times with respect to 
^"'"(r). On the other hand if each of the terms in {AY {BY is differentiated more 
than p times with respect to ^(r) then the result of the differentiation must be 
zero because after the pth differentiation all of the A[^(r)] will have been replaced 
by a factor i'ii''{ri) and therefore further functional differentiation with respect 
to ^(r) will give zero. Similar conclusions apply if {AY {BY is differentiated 
more than q times with respect to ^+ (r) . Hence only the p, q term in the last 
expression for Xn[^{i^),^^{'^)] contributes in the required result for 
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plq\ 1 ^ i SP^(r)Si£,+ (r) 1 

\ ^ ^ ri,r2,..,rp;Sg,..,S2,si;y 

Now consider the pth functional derivative of {A)p {BY with respect to the 
^(r), where the q factors _B[^+(r)] are always to the right of the yl[^(r)]. The 
result will be the sum of products of factors i'^'^{Yi), i$^^(r2), .., i^^(rp) in all p\ 
orders 

/ jPaK(r)]lK(r)]...l]K(r)])^g[C+(r)]A *"° 

\ / ri,r2,..,rp 



p 



i\ 



where the sum is over all permutations P =1 (^^..^..— j of 1, 2, ..,i, ..p. 

Considering also the gth functional derivative of [Ay {By with respect to the 
^+(r) we get overall 



/5P+nA[e(r)]..I[e(r)]...I[e(r)].B[e+(r)].J[e+(r)]..B[e+(r)]])P^^' 



C^o 



\ 5Pi{r)5<i£,+{r) / 

^ ' ri,r2,..,rp;s,,..,S2,Si 

P.Q 

where the second sum is over all permutations Q —\ ( -^..^..^^ J of g, .., i, .., 2, 1. 

Now all of the p\ products of the ^^ operators commute with each other and can 

therefore be set out in the order \[''''(ri).^'l'(r2)...^^(rp). Similarly, all of the g! 

products of the ^ operators commute with each other and can therefore be set 

out in the order ^(S(j)...^(s2) ^(si). Thus the sum over the permutations P, Q 

just cancells out the l/p\q\ factor and we just get iP+«{$1'(ri)$t(i.2)....$1'(rp)$(sg)..$(si)}. 

Thus 



'5^+«XivK(r),e+(r)] 



C^o 



ri,r2,..,rp;s„,..,S2,si; 



=iP+«Tr (p$t(-i.^)$t(-i.2)....$t(j.p)$(sg)..$(si) 
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Hence we obtain the following key result for the quantum average of the nor- 
mally ordered product \I't(ri)\I''l'(r2)....^^(rp)\I'(sq)..vI'(si) of the field operators 

^*t(ri)$t(i.2)....$t(i.p)$(s^)..$(s^) 

= Tr (p$t(r^)$t(i.2)....$t(i.^)$(sj..$(s^) 

X V'+(ri) ■0^(r2) ••V'^(i"p) i'isq) •■'(/'(S2) -0(81) 

This result gives the required synmmetrically ordered average as a functional 
integral involving the quasi-distribution functional P^[ip{r),ip~^{r)] times the 
product of the field functions, with the field operator ^^^(r,) being replaced by 

V'^(ri) and ^(sj) being replaced by ip{sj). 

Appendix C.3. Supplementary Equations 
Quantum Correlation Function 

■{^c(ri)--*c(l-p)*c(s9)-*c(si)}$Jvc(ui).-*JvcK)*JVc(Vs)..$Arc(vi) 



Tr(p{$^(ri)....$^(rp)$c(s,)..$c(si)}$]vc(ui)--*]vcK)*A'c(v.)..$Arc(vi; 

X P [V-c (r ) , V J (r) , V^c (r ) , V^c W , V-c (r ) , V-^* (r) , V'^c (r) , V'^c «] 

x-0+(ri) V'c(r2) ••'0c(i"p) V'c(sg) ..V'c(s2)-'0c(si) 

x-0+c'("i) V'^c("2) ..V'^c("'-) V-wcCvs) ••V'Afc(v2) V'wcCvi) (C.l) 
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Appendix D. - Correspondence Rules 

As the expressions can get cumbersome we find it convenient at times to use 
the following notation: 

^(r) ^ {Cc(r),C^(r),Civc(r),e^c(r)} (D.l) 

C^(r) ^ {Cc(r),C^(r)} ^^^(r) ^ {C^c(r),e^c(r)} (D.2) 

X[^(r)] EE xKc,eJ,eivc,Cj^c] (D-3) 

V^(r) EE {V'c(r),V'^(r),V'^c(r),V^c(r)} (D.4) 

V^(r) EE {^J(r),^+*(r),V';rc(r),^+c(i-)} (D.5) 

P[ V;(r), ^(r)] EE P[^c(r), V^(r), Vivc(r), V^^W, V'cW, V'J*(r), V'^cW, V-^c W] 



(D.6) 



Appendix D.l. Functional Derivative Rules - Condensate Operators 

To proceed further we need to establish some rules for functional derivatives 
of operator expressions. Consider 

f^cKcCj] = cxp GKc,e^] 

(1) We first establish a resuh for f^cKcCcl *c(^)- ^ow 
/ '5^c[gc,e^] \ ^ ^.^ / expGKc(r)+6^(r-s),e+(r)] -cxpGKc(r),e+(r)] ' 



r— s 



j.^ / exp{gKc(r),g+(r)]+«$^(s)}-expG[gc(r),g+(r)] ^ 



Now we can use the Baker-Haussdorf theorem which is that exp(y4 + B) = 
exp(A) exp(i?) exp{— i[A,i?]}, if the commutator commutes with A and B, so 
with A = G[Cc(i"),Cc(r)] and B = ei$^(s) we have 

exp{G[Cc(r),e^(r)]+e*$^(s)} = expG[ec(r),Cj(r)] expej$^(s) expiee^(s) 

= exp GKcW, Cj(r)] {1 + 6(**^(s) + ie^(s))} 
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since using Eqs.(19, 22) 



= ei' I dr^+{r)Sc{r,s) 

noting that the Cc('") "-"^^y involve complex conjugates of condensate modes. 
Hence 

i'-^^^) - ^cKc,C^](^$^(s) + ic^(s)) 



\ / r— s 

(D.7) 
(2) We next estabhsh a result for ^c[S,c,£,c] *c(s)- Similarly 



Snd^c^M] ^ j.^fexpGKc(r),e^(r)+6<5(r-s)]-cxpG[ec(r),e^(r)] 



5^+ / _ e^O 



^.^ / exp{G'Kc(r),g+(r)] +ezM/c(s)}-expG[gc(r),g+(r)] 



£^0 



Using the Baker-Haussdorf theorem again but now with A — G[^c(r),Cc('')] 
and B = ei'^ci^) we have 

exp{GKc(r),ec(i-)]+«*c(s)} = cxpGKcW,^^^] expei$c(s) exp--eCc(s) 

= expG[ec(r),Cj(r)]{l + 6(z*c(s)-iec(s))} 
since using Eqs.(19, 22) 

[GKc(r),e^(r)],«$c(s)] = ^J dri[Uc(r)$LW + *c(r)e^(r)}, $c(s)] 

= «2|dr^c(r)[$L(r),$c(s)] 

= e / (ir^c'(r)'5c(s,r) 
= e^c(s) 
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noting that the Cc(r) only involve condensate modes. Hence 



'"f/V^"M = ^c[Cc,tc]i^^cis)-lt 



(D.8) 
(3) We next establish a result for ^J;(s) QciCc^c^ ■ From above 
' snd^C^M ] ^ li^ / exp{gKc(r),g+(r)]+6z$t^(s)}-expGKc(r),C^(r)] ^ 



r— s 



it 



Nowweuse the Baker-Haussdorf theorem with ^ — ei^J^(s) and S = G[^c'(r),Cc(r)] 
we have 



exp{GKc(r),e^(r)]+ £2*^(8)} = cxpej$^(s) expG[ec(r),Cj(r)] exp--eC+(s) 

= {1 + e{z%{s) - l^+{s))} cxp GKcW, Cj(r)] 

using the commutation result derived earlier 
Hence 



\ / r— s 

\ / r— s 

(D.9) 
(4) We next establish a result for ^c(s) ilc[S,c,^c] ■ From above 



Snc[(.c,^m ^y / exp{G[Cc(r),e^(r)] +ezvl'c(s)} ~ expGKc(r),g^(r)] 

Using the Baker- Haussdorf theorem again but now with A — ei'ic(s) and B = 
GKc(i-),Cc(r)] we have 



exp{G[^c(r),ecW]+«*c(s)} = expei*c(s) expG[ec(r),CcW] exp+-eCc(s) 

1 

2^ 



# {l + e(z*c(s) + :^ec(s))}expG[ec(r),e^(r)] 



using the commutation rule derived earlier. 
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Hence 



'snc[^c,Q\ ,,^, ,„, , 1, 



^ / r— s 

l(5flc\^c^\ 11 

(D.IO) 



^c(s)f^cKc,e^] = - ,.V "^ --7T€c(s)0cKc,^a 



i , .sc 



(5) To establish a result for r^cKcCc] f^M^c(s) we start with 
8,%i.)^ lin. f^L(s + As,)-$t^(s)\ 

so we can use previous results in Ea. (|D.7p for i7c[fci'?c] ^c(^)- Using the 
previous results we have 



"cKcCa^M^Ms) = lim T 



1 [^ f shelve, Q \\ I5 ., ,+, l.„,+x 

SO that from the definition of the spatial derivative we obtain the result 

\ / r— s 

(D.ii) 

(6) To establish a result for fJc'iCc'Cc'] c^m'^c(s) we start with 



a,*c(s) = lim 



*c(s + As,)-'J'c(s) 



As,,^0 \ As, / 

so we can use previous results in Ea. (|D.8p for il,c[£,c,£,c]'^c{s)- Using the 
previous results we have 



"cKc,Cc]^M*c(s) = lim - 



1 1 ((snc\^c^\ (snci^ctc 



"" " Av->ozAs, 11 S^+ ; _ I 5i 



r— s+As 



lim ^ -f^cKcCa o -XT- (^c:i^ + ^^m) - Cc(s)) 
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so that from the definition of the spatial derivative we obtain the resuh 

(7) To estabUsh a resuh for 9^^J^(s) ^c[Cc,£,c] '^^ '^^^ ^^^ Ea. (|D.9p and 
follow the previous procedure to obtain the result 

(D.13) 

(8) To estabhsh a result for 9^,^c(s) flcl^cCc^ we can use Ea. (ID.10[) and 
follow the previous procedure to obtain the result 

(D.14) 

Appendix D.2. Condensate Operators 

(1) If p is replaced by '^ci^W then the characteristic function becomes 

x[ic,ii,^NC,it,c] ^ Tr{^c{^)pn[ic,ii,iNC,itjc\) 
= Tr(pf7[ec,Cj,Cjvc,C^c]*c(s)) 

= Tr(pf7c[Cc,ec]^c(s)f^JVc) 

using the cyclic property of the trace and the feature that condensate operators 
commute with non-condensate operators. 
Hence from Ea. (|D.8|) 






Hence 
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Then using the relationship to the distribution functional we see that 



xcxpi / dr{CArc(r)-0^c'(r)}expi / dr {■(/'atcWCwc Wi 



x[(^^c(s) - ^;^;^) exp*y drUc(r)^J(r) + V'cWe^W}] 



X oxpi / dr{^^c(i-)-0^cW}exp« / dr{V'jvc(i-)C^c'(r)} 
since from the functional differentiation rules with G[ipc, ^c^^c, "^cl — i J dr {^(7(r)-0p (r) + 

1 '^ . ' - -+, 



V'cW^+W} 



expi / drjCcWV'cW +'^c'(r)CcW} 



- exp GiiZ-c, Cc, Cc, V-c] TTTn 



- exp GiT/ic, Cc' Cc, V-c] #c(s) 

V;c(s)expG[V;c,C^,ec,V'^] (D.15) 

"oTT+TT^^P^ / '^''Uc(r)V'c(r)+V^c(i-)Cc(i-)} 

-expG[i/;c,C5,Cc,V'5] 



2 Si:^is) 

1 

2 cxpG[i/'c,',c 



-^cxpG[V;c,C5,Cc>a*ec(s) (D.16) 



Hec(s)expG[^c,eJ,ec,V';^ 



= -^T-^expz/rfrUcW^+W+^cWe^W} (D.17) 

To proceed further we need to replace the functional differentiation of the 
exponential functional with a functional differentiation of the quasi distribution 
functional itself. This can be accomplished using a functional integration by 
parts result, which requires the condition that the mode expansion form of the 
product functional P[f/' (r), V'*('')] expij dr {^c(r)V'c('') + V'c(r)Cc('")} goes to 
zero as the expansion coefhcients become large (note that there is no normal- 
isation condition on the ^c'(r),^^(r) that bounds the expansion coefficients). 
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Using this integration by parts result we then find that 






X exp i / dr {^c (r) V£ (r) + i'c {r)(6 (r) }] 

xexpi / dr {^Nc{r)ipNci^)} ^^P"^ / '^'"{V'AfcWC^cW} 

Hence the change to the characteristic functional if p is replaced by ^c(s)p 
is equivalent to then the quasi distribution functional is replaced as follows 

P[^{r),r{r)] ^ f^c(s) + Iy^) ^[^W^CW] (D-18) 

Thus P[ip {r),ip*{r)] is both multiplied by ipc{s), the field function that the 

operator \l/c(s) is mapped onto and functionally differentiated with respect to 
■!/',i(s), the field function that the operator ^^(s) is mapped onto. 

(2) If p is replaced by ^p(s)p then the characteristic function becomes 

= Triphc[^c,^M%i^)^Nc) 

using the cyclic property of the trace and the feature that condensate oper- 
ators commute with non-condensate operators. 
Hence from Eq. (|D.7[) 



1 sndCcQ 5 ., ,+, 1 



x[^c,^i,^Nc,ac]^Trip- ^i ,:r -^c[gc,caogc(^) ^nc) 



Hence 



1 / 5 1 



x[S,c,^t;^^Nc,£.Nc\ -^ - TFTIT " o^c(^) xKcCc^CwcCjl^c] 
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X expi 



X expi 



Then using the relationship to the distribution functional we see that 

xKc,C^,Cwc,C^c] ^ \ l^^^^-l^M^)) fill D'^cD'^P+D'^PNcD^4,+^,P[^{r),^{r)] 

xexpi dr{^c(i-)V^c(i-) + i^cir)ici^)} 

^c(s) + l^^) exp*y dr{ec(r)Vj(r) +^c(r)?J(r)}] 

drj^ATcWV-^c-Wlexpi / dr{i;Nc{r)£_+^{r)} 

where the proof of the second step is similar to that in (1). 

To proceed further we use integration by parts result we then find that 

xKc,CJ,Cjvc,Cj^c] ^ llll D'^c D'^+ D'^Nc D^^j+c 

xcxpi / dr {£,Nc{r)'4'tfc{r)} expi / dr {?/>7vc(r)Cjl^c(r)} 

Hence the change to the characteristic functional if p is replaced by ^^(s)/? 
is equivalent to then the quasi distribution functional is replaced as follows 

Thus P['0 (r),-i/;*(r)] is both multiplied by ip'^{r), the field function that the 

operator ^^(r) is mapped onto and functionally differentiated with respect to 
ipci^), the field function that the operator *c(r) is mapped onto. 

(3) If p is replaced by p ^c(s) then the characteristic function becomes 

x[^c,^^,^NC,^^c] ^ Tr{p^c{s)mc,^i,^NC,^^c]) 
= Tr(p$c(s)f^cKc,ec]^wc) 

using the feature that condensate operators commute with non-condensate op- 
erators. 

Hence from Eq. ljD.lOp 
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Hence 



Then using the relationship to the distribution functional we see that 

xKc, C^, Cwc, ^c] ^ 7 (^^ - l^cis)^ Jill D^i'c D^i,+ D^^Nc 0^^,+ ^ P[^(r), ^(r)] 



x[( ^c(s) + ^;^;^) cxp»y drUcWV-JW +^c(r)C^(r)}] 



xexpi / dr{^Arc(r)-0+c.(r)}expi / dr {V'ArcWCjt^cCr)} 
To proceed further we use the integration by parts result and then find that 

xKc,C^,Cjvc,C^c] ^ Jill D^i^c D^i;+ D^i^NC D^^P+c 

1 (5 



x{( ^':^(«) - oTT+TT ^[IW,^ (r)]P[^c(r),^+(r), Vivc(r), V^^W]} 



xexpi / dr{Cc(r)V'cW +^c(r)Cc(i")} 






xexpi / dr{^Arc(i-)V'wc'W}expi / dr {i/'jvcWCwcW} 

Hence the change to the characteristic functional if p is replaced by 'p'^ci^) 
is equivalent to then the quasi distribution functional is replaced as follows 

P[^(r),V/(r)]^ Lc(s)-^— I— V[^W,r(r)] (D.20) 



— > 



2 5V5(s) 



Thus P[^ (r), ?/;*(r)] is both multiplied by fAcls), the field function that the 

operator ^c(s) is mapped onto and functionally differentiated with respect to 
■i/'^(s), the field function that the operator *I'p(s) is mapped onto. 

(4) If p is replaced by p ^l/c'(s) then the characteristic function becomes 
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using the feature that condensate operators commute with non-condensate op- 
erators. 

Hence from Ea. (jD.9p 

Hence 

Then using the relationship to the distribution functional we see that 

xexpi / dr{^wc(i-)V'^cW}'2xP* / '^r{V'JVc(r)Cj^c(r)} 

D^iPc D^i;+ D^i^NC D^^lc ^[^W, V^W] 
x[(^^(s)-^^^)exp*ydrUc(r)^J(r)+Vc(r)Cj(r)}] 

xexpi / dr{^Arc(r)V'^^(r)}expi / dr {V'jvc(r)Cjvc(i")} 
To proceed further we use the integration by parts result and then find that 
xKc,CJ,Cjvc,Cj^c] ^ Jill D'ijc D'ij+ D'^Nc D^^j+c 

xexpz /"drUcW^^W+i^cW^^WI 



xexpi / dr{^Arc(r)V'^p(r)}expj / dr {V'tvcWCj^c W} 



Hence the change to the characteristic functional if p is replaced by p ^£"(8) 
is equivalent to then the quasi distribution functional is replaced as follows 



1 S_ 

2 5^:c{s)J ^ ^2^^*"^^^ 



P[^^(r),V/(r)]^ [^+{s) + -^^-j-^] P[4>Sv).rM (D.21) 



Thus P['0 (r),-i/;*(r)] is both multiplied by -0^(8), the field function that the 

operator ^J;(s) is mapped onto and functionally differentiated with respect to 
V'cCs), the field function that the operator ^c(s) is mapped onto. 
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(5) A summary of these key results is as follows: 



1 S 



^c{s)p P[,jj{r),rSr)]^ (Vc(s) + -^-7+— )P[^(r),V:(r)] 



p ^ %{s)p F[V;(r),^(r)]-^(^V^(s)-i^^^P[V^(r),^(r)] 
p^ p$c(s) P[V'(r),^(r)]^ fv^c(s)-i— I— )p[V'(r),^(r)] 

(6) If p is replaced by d^'i'c{^)p then the characteristic function becomes 

= Triphc[^c,Qdf,^cis)nNc) 

using the cyclic property of the trace and the feature that condensate operators 
commute with non-condensate operators. 
Hence from Eq. (|D.12p 

Hence 

Appendix D.3. Functional Derivative Rules - Non-Condensate Operators 

To proceed further we need to establish some rules for functional derivatives 
of operator expressions. Consider 

^Nc[S.Ndtic\ = expF[$Arc] expi/[,^^(^] 

Hnc] = I drt{^^c{r)^^Nci^)} m+c] ^ J drt{^Nc{r)^+c{r)} 

(1) We first establish a result for J7jvc[CjvCiCjvc] ^]vc(^)- ^^o^ using the 
product rule and noting that H[(_]^fj] is not a functional of ^jvc 



^0^ = H[ 1 expT^K^^j 



■ Sn^c [^NC ,^Nc]\ ^ yj^ / expP[^jvc(r)+e(5(r - s)] - expP[gAfc(r)] 
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Now we can use the Baker-Haussdorf theorem which is that exp(^ + B) = 
exp{A) exp(i?) exp{— i[yl,i?]}, if the commutator commutes with A and B, so 
with A = F[^j\!c{y)] and 13 ~ ti^\jfj{^) we have 

exp{P[eArc(r)]+ei$]Yp(s)} = expF[eArc(r)] expez$jvc.(s) 

= expFK^c(r)]{l + 6(*$Jvc(s))} 
since using Eas. ((D32l IE.318|) 



= 



Hence 






But although j^]y^(s) does not commute with expij[^^(-,] we can use the iden- 
tity S exp§ = expS^jS - [5,g] + ^[5, [5,S]] - ^[§, [5, [5,S]]] + ..} to place 
the exponential on the left. Here we have 5' = -ff [^^fj] and S = zvl>]yp(s). Using 
Eqs. (|D.32| IE.318P we have on noting that i^(j{^) only involves the complex 
conjugates of non-condensate modes 

\mlcl^^^NM\ = z'ydr[$^c(r),$]vc(sK^cW 

Thus we see that the series terminates after the second term giving 
(snNC^^^^^\ ^ expFK^c]expi?K+J{z$j,^(s))+e+e(«)} 

= f)jvcKivc,?a{**]vc(s)) + ?itc(«)} 

6 \f f+ UT;t f^W ^ ( S^Nc[^NC,Cnc] \ ^o If f + 1 ;^+ C=^ 

« Y oc;nc J _ * 

_ 1 ( snNc[^NC,^Nc] \ l;r+ (^)o \f: f+ 1 

~ 7 Tc - -'iNCy^)^''NC[t.NC,KNc\ 

* Y oKnc J _ * 

(D.22) 

(2) We next establish a result for ^Nc[S,NC,£,tic\'^ nc{^)- Similarly using 
the product rule and noting that i^[i^7vc] is not a functional of £,Jj(j 
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' Sh^cl^NC^^+A _ „ ?^r, 1 ,. /^expgK+g(r)+£j(r-s)]-expg[^+g(r)]' 



.,+ I - expF[^jvc] lim 



e 



expF^jvc] lim ( exp{gK^g(r)] + et^Ncjs)} ~ expg[g+p(r)] 

Using the Baker-Haussdorf theorem agam but now with A = iJ[^^p(r)] and 
B — eWis[c{s) we have 

■>NC 

since from Eqs.dEMl [EMfil 



= expH[^+c{r)]{l + et^Nc{s)} 



m+ci^)lez^Ncis)] - ez I drz[{^Nc{r)C^ci^)},^Ncis)] 



Hence 

\ iVo / r— s 

= ^Nc[^NC,^Nc]i^^Nc{s)) 

O [^ ^+ UT; (^\ - ^ l ^^Nc[£.NC,^Nc] \ (n 0'i\ 

>'iNc[^NcANc\^Nc[s) - - — r {U.23) 

(3) We next estabhsh a result for \l/]y(^(s) ^nc[Cnc,Cnc^ ■ From above and 
now using the result that i^]Yp(s) commutes with -F[Cc] 

77 — = expF[ec] (i*]vc(s)) expH[Qfj] 

- (i$]vc(s))expFKc]expif[e^J 
= (z$]vc(s))f]jvc[Cjvc,?J] 



$Jvc(s)^-cK.c,Ca = - r .r"'^^M (D-24) 



(4) We next establish a result for \['Arc(s) ^AfcKjvcCjvcl ■ From above and 



+1 



now using the result that i^Nci^) commutes with H[^fj 



"sat 



expF[^Nc] exp7JK+p(r)] (i$Arc(s)) 



= exp F[^Nc] (t^Ncis)) exp H[(+^,{r)] 
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But although i'^j^ds) does not commute with expF[^Nc] we can use the iden- 
tity expSE = {E+[S,E] + ji[S,[S,E]] + ^[S,[S,[S,E]]] + ..} expS to place the 
exponential on the right. Here we have S = F[£^nc] and S = z^Arc(s). Using 
Eqs. (jD.321IE.318]l we have on noting that '^Arc(r) only involves non-condensate 
modes 

mNch^^Ncis)] = i^ J dr[^Nc{r)^^Nci^),^Ncis)] 

dr^jvc(i")^Afc(s,r) 

= Hnc{s) 

Thus we see that the series terminates after the second term giving 
Hence 



S^Nc[S.NC,i 



+ 1 
NCi 



(i*A,c(s) +eivc(s)) expF[^Nc] expH[^+<.(r)] 



— t^iii ('o^ I c f^wct re „ 



{t'^Ncis) + ^Nc{s))nNc[^NC,^Nc] 



* ^=^6 \C ^+1-1 ( SnNc[^NC,^Nc] \ 1^ f^-^o \i: ^+ 1 

"^NCKSjUncYKNCKncI - ~\ 77+ - -^Nc{s)UNc[i.NC,KNc\ 

(D.25) 

Appendix D.J^. Non-Condensate Operators 

(1) If p is replaced by "^ Nc{s)d then the characteristic function becomes 

xKc,^J,^JVC,^^c] ^ Tr{^Nc{s)pMdi,iNC,ij,c\) 
= Tr{^mc.£.i.iNC.£.tc\^Nc{s)) 
= Tr{pncnNc[iNdtfc]^Nc{&)) 

using the cyclic property of the trace and the feature that condensate operators 
commute with non-condensate operators. 
Hence from Eq.dEM]) 

l>([ic,£.Z^^NC,£.Nc\^ Triple -\ T-+ —\ ) 

Hence 
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Then using the relationship to the distribution functional we see that 



■'NC^ 



xexpi / dr{^Arc(r)V'^p(r)}expi / dr {V'Arc(r)Cjvc(i")} 
xexpi / dr{^Nc{r)iptfc(^)}^^P'^ / '^r{V'Arc(r)Cjvc(i")} 



To proceed further we only need to place the multiplicative term ip^ci^) 
next to the quasi distribution functional itself. We then find that 



xKc,CJ,Cjvc,Cj^c] ^ jjjj D^i;cD^i;+D^NcD^i>+c 

x{(^A.c(s))F[^(r),^(r)]} 

xexpi /"drUc(r)^^(r)+7Ac(r)^J(r)} 



xexpi / drj^^cWV'^cWlexpi / dr {V'jvcWCj^cW} 



Hence the change to the characteristic functional if p is replaced by '^ nc{^)p 
is equivalent to then the quasi distribution functional is replaced as follows 

P[ V^(r), ^(r)] -> (^jvc(s)) P[ V;(r), V^(r)] (D.26) 

Thus P[-0 (r),-(/'*(i")] is multiplied by ■07V(7(s), the field function that the oper- 
ator \I'jvc(s) is mapped onto. 

(2) If p is replaced by '^*j^fj{s)p then the characteristic function becomes 

= Tr(pf2cf^Jvc[Cjvc,C^c]*]vc(s)) 

using the cyclic property of the trace and the feature that condensate operators 
commute with non-condensate operators. 
Hence from Eg. ([01221) 

^c e+ e c+ } . rp /-A 1 1 5^Nc[S,NC,^Nc\\ 1 /■+ / \ i=, \t- e+ i 



r— s 
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Hence 



xKcCc'CatcCjvc] ^ ~ 77 — 7Z\ ^ ^Nci^)] xKcCc^CatcCjvc] 



1/^ 

Then using the relationship to the distribution functional we see that 



xKc,C^,Cjvc,Cj^c] ^ 7 [j^^,-^t,ci^)) jjjl D^i'cD^i;+D^ijNcD^i;+cP[ti^),rM)] 



1 

* \Ot.NC[S) J JJJJ -^ — > 



xcxpi / drj^cWV'cW +V'c(r)Cc(i")} 



xexpi / dr{CArc(r)-0?/cW}expi / dr {V'jvcWCwcW} 
= jjjj D^^Pc D^i;+ D^i^NC D^^P+c ^[^(O, ^(O] 

To proceed further we use the integration by parts result we then find that 
xKc,e^,eJvc,e^c] ^ jjjj D^i,c D^i,+ D^^NC D^i^+c 



xexpW dr{^c(r)V'cW+V'c(r)Cc(r)} 



Hence the change to the characteristic functional if pis replaced by '^\(j{s)p 
is equivalent to then the quasi distribution functional is replaced as follows 



5 



P[^ (r), ^:(r)] ^ ( ^+p(s) - ^--^^, ] P[^ (r), ^:(r)] (D.27) 



Thus P[iIj {r) ^ tj}* [r)] is both multiplied by ■0^^(s), the field function that the 

operator ^]yp(s) is mapped onto and functionally differentiated with respect to 
ip]\!c{^)i the field function that the operator ^jvc(s) is mapped onto. 

(3) If p is replaced by p ^jvc(s) then the characteristic function becomes 

X[ec,e^,ewc,e^c] ^ Tr{p^Nc{s)mc,^t'^^NC,^^c]) 
= Tripnc^Ncis)hNc[iNC,^^c]) 
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X exp) 



using the feature that condensate operators commute with non-condensate op- 
erators. 

Hence from Eq. (jD.25p 

Hence 

Then using the relationship to the distribution functional we see that 

xexpi / drj^cWV'cW +'/'c(r)CcW} 

li / dr{^Arc(r)'0^c'(r)}expi / dr {?/>Arc(r)Cji/c(r)} 

x[f ^Arc(s) + — +—— j expi / drj^ATcWV'j^cWIexpi / dr {f/'jvcWCwcW}] 

xexpi / dr{^c(i-)V^c(r) + V-cWCcW} 
To proceed further we use the integration by parts result and then find that 
xKc,CJ,Cjvc,C^c] ^ Jill D^iPc D^i;+ D^i^NC D^,p+c 

xcxpi dr {^cWV'cW + ^c(i-)Cc(r)} 

X cxpi / dr {£,Nc{r)ipjf(j{r)} expi / dr {i/'wcWC^c Wi 

Hence the change to the characteristic functional if p is replaced by p ^7vc(s) 
is equivalent to then the quasi distribution functional is replaced as follows 

P[^(r), ^(r)] ^ f^Arc(s) - \ ) P[ V' (r), V^(r)] (D.28) 

Thus P['(/; (r), '(/;*(r)] is both multiplied by ipNcis), the field function that the 

operator "^Nci^) is mapped onto and functionally differentiated with respect to 
i{j^u{s), the field function that the operator vlf]^p(s) is mapped onto. 



132 



(4) If p is replaced by p ^]y(^(s) then the characteristic function becomes 

= Tr(p^c$Jvc(s)^JVcKivc,e^c]) 

using the feature that condensate operators commute with non-condensate op- 
erators. 

Hence from Eq. (|D.24p 

^+ f..„ c+ 1 ^ rr,^n^ i (5^Nc[^NC,^t:]\ n 



xKc,C5,Civc,ac]^rKp^c- 



i \ S^NC 

Hence 



Xi^C^C'^NC^Nc] -^ - T? TIT xKc,fc,CwC,Cwc] 



1 

Then using the relationship to the distribution functional we see that 



xKc,e^,Cjvc,?j^c] ^ \(^j^^^ jjjj D^4,cD^iD^^McD^i^%cn%{^).r^{^)] 



xexpi / dr{^c(i-)V'c(r) +V'c(i-)Cc(r)} 



xexpi / drl^ATcWV'^cWIexpi / dr {V'jvcWCj^cW} 



D^iPc D^i;+ D^i^NC D^i4c ^[^W, V^W] 

To proceed further we only need to place the multiplicative term ^^(^(s) 
next to the quasi distribution functional itself. We then find that 



xKc,C5,Cjvc,ac] -> jjjj D'i^c D'i^+ D'^Nc D'ij+c 



xexpi / drjCcWV'clr) + VcWCcW} 

xexpi / drj^ATcWV'wcWIexpi / dr {V'atcW'CjI^cW} 



Hence the change to the characteristic functional if p is replaced by p '^*j^^{s) 
is equivalent to then the quasi distribution functional is replaced as follows 

P[^(r), V^(r)] ^ (V^+c(s)) P[%{^). r{^)] (D.29) 
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Thus P[tp (r) , ^p* (r)] is multiplied by tp^(-,{s), the field function that the oper- 
ator ^]yp(s) is mapped onto. 

(5) A summary of these key results is as follows: 

p ^ ^Nc{s)p P[^(r),^(r)]^(7AArc(s))P[^(r),^(r)] 

$jvc(s)p P[^(r), ^(r)] ^ L+c.(s) - / ) P[^(r), V^(r)] 

p^Ncis) P[^(r), r (r)] ^ f ^Arc(s) - ,^/ . . ) P[^(r), r (r)] 



Appendix D.5. Time Derivative 
If p is replaced by -^ then 

Hence 

xcxpi drj^cWV'cW +V'c(r)Cc(i")} 

xexpi / dr{^Arc(r)V'^c'W}"3xP^ / ^{V'wcWCj^c Wi 

Thus the change to the characteristic functional if p is replaced by -rS is equiv- 
alent to then the quasi distribution functional is replaced as follows 

P[^(r), ^(r)] ^ lp[^(r), V^(r)] (D.30) 

Thus P[tp (r),-0*(r)] is replaced by its time derivative. 
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Appendix D.6. Supplementary Equations 

Comniutation Rules and Delta Functions 

[$c(r),$jvc(r)] = 
[$c(r),$^(r')] - 0i(r)0t(r') + '/'2(r)0;(r') 

= '5c(r,r') (D.31) 

= <5jvc(r,r') (D.32) 

Field Expansions and Delta Functions 

V'c(r) - ai0i(r)+a2<^2(r) ^+(r) = 0*(r)a+ + 0*(r)a+ (D.33) 

k=il,2 k^l.2 



V'c(r) - J dr' Scir,r')^cir') V^(r) = ^ dr>+(r')<5c(r',r) 
V-ATcW - f dr' 6Nc{r,r')i^Nc{r') V(r) = /'dr>+(r')<5c(r',r|D.35) 
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Appendix E. - Fiinctional Fokker-Planck Equation 

In this Appendix we derive the Functional Fokker-Planck equation. We will 
derive it based on the full Hamiltonian including the H4 and H^ terms. This 
gives the exact equation. We can then write down the corresponding FFPE 
for the case of the Bogoliubov Hamiltonian (|E.314p by discarding terms for the 
exact FFPE - which would be needed for the stong interaction regime. For this 
derivation it will be convenient to write the Hamiltonian in the form 



where 



H^Hc + Hnc + V (E.l) 

He = / dr(— V*c(r)t-V*c(r)+*c(r)^F*c(r) 

+ |$c(r)t$c(r)^$c(r)*c(r)) (E.2) 

Hnc = / dr(— V*jvc(i-)^-V*A,c(r) + *Arc(r)V*Arc(r) 

+ |$Arc(r)^$jvc(r)^$A'c(r)$jvc(r)) (E.3) 

are Hamiltonians for the condensate and non- condensate. The interaction be- 
tween condensate and non-condensate is written as the sum of three contribu- 
tions which are linear, quadratic and cubic in the non-condensate operators 

V = Fi+i/2 + V^3 (E.4) 

Vi = / dr(-— V*jvc(r)^-V*c(r)-h7— V-J-cW^-V^ATcW 
J 2m 2m 

-H5$Arc(r)1'$c(r)^$c(r)$c(r) +g$c(r)^$c(r)^$c(r)$ivc(i-)) (E.5) 

t>2 = / dr(|$wc(r)t$Arc(r)t$c(r)$c(r) + |$c(r)t$c(r)^$jvc(r)$Arc(r) 

+2g$Arc(r)^$c(r)t$wc(r)*c(r)) (E.6) 

% = I rfr(5$7Vc(r)^*7Vc(r)^*wc(r)$c(r))+.g$c(r)^*7Vc(r)^$Arc(r)*7Vc(r)) 

(E.7) 

However, using the coupled generalised Gross-Pitaevskii equation we can 
make the simplifications 

j dv^Nciv)^ U-^'^^ + v\^c{v)\ = -^1 ldrdsFir,s)^Nc{r)^^c{s) 

|rfr|(^-|iv2 + y)$^(r)|$^,c(r) = -^ J J drds F*{s,r)%c{r)^%r,c{s) 

(E.8) 
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to write Vi in a form 

Vi = 



dr$jvc(r)ff{$^(r)$c(r)}$c(r)- / / dr dsgF(r, s)$jvc(r)^ $c(s) 
J dv %[v)g{%{v) $c(r)}$Arc(r) - j j dr dsgF*{s, r)$c(r)t$^c(s) 



(E.9) 

We see that Vi is the sum of term V14 which is fourth order in the field 
operators and a term 1/12 which is second order. 

Vi = V^i4 + V^i2 (E.IO) 

(E.ll) 
^12 = -g f f drdsF{r,s)^Nc{r)^^c{s)-g f f drdsF*{s,r)^c{r)^^Ncis) 

(E.12) 

Thus we see that V is now associated only with boson-boson interaction terms. 

From Eqs. (|E.1|1 . (|E.2p . (|E.3|) and (|E.4|1 we see that there are a total of 
seventeen distinct contributions to the Hamiltonian to be considered, ranging 
from the kinetic energy contribution to the condensate Hamiltonian to an in- 
teraction term between the condensate and non-condensate fields which is third 
order in the non-condensate field. For the Bogoliubov Hamiltonian for which we 
derive the functional Fokker-Planck equation the terms V3 and the boson-boson 
interaction in the non-condensate Hamiltonian Hnc a-^e discarded. 

In order to avoid using too many superscripts and subscripts, in considering 
each term a simplified notation will be used, which is as follows. For terms 
which only involve condensate fields or only non-condensate fields we will use 
^(s) and Tp'^is) for ipc{s) and ip^is) or V'a'c(s) and ip^fj{s). We will write 
W[tp{r),ip~^{r)] or P[^(r),-i/;+(r)] (and sometimes just W or P in large expres- 
sions) instead of the complete expression 

in the pure condensate and pure non-condensate cases. For the interaction be- 
tween condensate and non-condensate we will write WP[il^{r), '0+(r), 0(r), (/'"'"(r)] 
(and sometimes just WP in large expressions) instead of the complete expression 

P[^c{r), V'^(r), V'ivc(r), ^+c«, rdr), V^*(r), ^-^^ W, V-^cW] = P[ V;(r), V^(r)], 

using ip{s), V'+(s) for V'c(s), i'ci^)' ^^'^ <^(^)' 4>~^i^) ^i' V'Arc(s), V'^c(^) ^^ *^^ 
expressions, since both condensate and non-condensate fields will be present 
and must be distinguished. In this notation the fact that the distribution func- 
tionals also depend on the complex conjugate fields ip*{s), '0+*(s) and (j>*{s), 
4>^*{s) has been ignored. This is because functional derivatives or functions 
involving these complex conjugate fields are not involved in the derivation as a 
consequence of their absence from the correspondence rules. As in [Appendix D| 
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the general notation that apphes is 

^(r) EE {V'c(r),V^(r),Vwc(r),V'^cW} (E.13) 

V^(r) ^ {i;-^{r),^P+*{r),rNcir),^Ppci^)} (E.14) 

P[^(r), ^(r)] ^ P[i^c{r), V^(r), VatcW, V-^^W, V'cW, V'J*(r), V^cW, V-^c W] 

(E.15) 
_c^ = {afe,Q:^} (E.16) 

4* ^ K,^^} (E-17) 

Pb(^,^*) = PbK,a+,a^,a+*) = P[^(r),V^(r)] (E.18) 

At the completion of the determination of the contribution to the Fokker-Planck 
equation, the original notation 

P[^(r), V^(r)] ^ P[^c(r), V^(r), VatcW, V^^ W, V'J.W, V'J*(r), V'^vc W, V-^c W] 
for the distribution functional will be reintroduced. 

Also, to avoid too many nested brackets we will adopt the convention that a 
functional derivative will operate on everything to the right of it unless otherwise 
indicated. Note that spatial derivatives do not operate on functionals, only on 
functions. 

The terms in the Bogoliubov Hamiltonian that we need to consider are 

^ /• fc2 

Hi = dr( V*^(r)- V*c(r) + *r(r)^*c(r) 

J 2m 

+ |^$^(r)$^(r)$c(r)$c(r)) (E.19) 

The term Hi is the sum of the condensate kinetic energy, condensate trap 
potential energy and condensate boson-boson interaction. 

-|^V2$^(r) + $c(r) V + ^$t^(r)$t^(r)$c(r)| ^Nc{r)) 

(E.20) 

The term H2 is the coupling between the condensate and non-condensate fields 
that is linear in the non-condensate field. It can be put into different forms not 
involving the spatial derivatives. Thus 



H2 — H2U4 + H2U2 (E-21) 

^c{v)) 
(E.22) 
Nc{s) 
(E.23) 



H2UA = ^-^ dv{%^{v)%{v)^c{v)^c{v)) + ^-^ dv{%{v)%{v)^c{v)^Mc{v)) 



H2U2 = -^ / / drdsF(r,s)$Arc(r)t$c(s)- ^ / / dr dsF*(s,r)*c(r)t$Arc(s) 
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i?3 = y"rfr||-V$Jvc(r)-V$Nc(r) + $Jvc(r)^$Arc(r) 

• {$jvc(r)$jvc(r)$c(r)$c(r) + $^(r)$^(r)$Arc$Arc} 
■y"dr{4$JYc(r)$^(r)$Arc(r)$c(r)} (E.24) 



1^'*- 



9N_ 

'2N 



Appendix E.l. Condensate Kinetic Energy Terms 
We write the kinetic energy as 



Now if 



T=|^^ /'dsa^$(s)ta^$(s) (E.25) 

'^P=&T.f dsid.^i^)^ d,^{s))p (E.26) 

2m ^ — ' J 



then 



W[4,{v),^A{v)] 

a. 

2m 



(E.27) 
After expanding we find that 






^ / z: I \ 



^ - 



2m Ey '^^2U^^(5^(s) 



^2 



(a^^(s)) w^[7A,V 



',+1 



(E.28) 
Now the standard approach to space integration gives the result 

/"ds{a^C(s)} = (E.29) 
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for functions C(s) that become zero on the boundary. This then leads to the 
useful result involving product functions C(s) = A{s)B{s) enabling the spatial 
derivative to be applied to either A{s) or B{s) 

I ds {d^A{s) }B{s) = - f ds A{s) {d^Bis) } (E.30) 

We can assume that the ip{s) and ijj^{s) become zero on the boundary, since 
they both involve condensate mode functions or their conjugates that are lo- 
calised due to the trap potential. Also the functional derivatives produce linear 
combinations of either the condensate mode functions or their conjugates (see 
(jB.87p . (|B.92p ) so the various C(s) that will be involved should become zero on 
the boundary. 

For the first term, the product of the spatial functions can be written in 
opposite order so that 

ds{{d,i:{s)) {d,i:+{s))}W[^P,i:+] (E.31) 

We can then use (jE.30|) together with the explicit forms (IE.315[) for the 
functional derivatives and their spatial derivatives to modify the terms in the 
new W[ip, ip^], which is equivalent to the function w{ak, a'^) if ip{s) and ip^{s) 
are expanded in terms of modes (/)fc(s) or 0^(s), as in (|E.316p and (|E.317p with 
expansion coefRcients ak and a^. 

In the second term, the spatial derivative of the functional derivative can be 
removed and applied to the spatial function 



ds ^ {a^0fc(s)}a+ ^{(9^0,(s)}— ^w(afc,a+) 

k=l,2 1=1.2 I 



fe=l,2 1 = 1,2 ""' 

(E.32) 
Applying the product rule (jE.319|) to the product of {d'f^tp^{sj) with the distri- 
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bution functional gives 

,^^^ (5'V^+(s)) w[^, V'+d) - (x(s)) w-[^, V'+l 



using 






=1,2 ""; fc=i,2 

J2 iM^mdicbUs)} 



fe=l,2 

= cjc(s) (E.34) 



Note that the function ujc{s) just defined only depends on condensate mode 
functions. Thus the second term becomes 

= - I dsi^-^{dl^+{s))\w[^P,ij+]+ j ds{u;c{s)}W[ij,ij+] 

(E.35) 
In the third term 



/d 
ds Yl {d^(pl{s)}-^ Y ai{df,(f>i{s)}w{ak,a+) 

k=l,2 ^ 1 = 1,2 

/Q 
ds Y ^'^ki^^'^Q^ Y ai{dl4>i{s)}w{ak,al) 

k=l,2 ^ 1=1,2 

For the fourth term, the double functional derivative term can be written in 
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the opposite order 






^^\ l^^TTTT ^mZITTIt) }W[i^,^' 



J ktt.2 ^"^^t^.i ^"^ 

/Q ^ Q 



d^ \ ( ^A^TTTTT ^MZITIT ) > W[^j,^+] (E.37) 



1 = 1,2 I fc=l,2 

5__\ [^ _± 

Using results ((E3Tt . (IKSSJ) . (|K36|) and (|K37| we find that 
^ |-E /^^ {(a^^(s))(9^7/^+(s))}M/[^>+] 

ft2 ^ /■ . 1 r 5 ..o,.. .J ,,, 



^ /"dsi{c.c(s)}W^[V',V'+] 



2m 
2m 



2m 



Now if 



P^pf=|^^ydsp(9,,$(s)ta,,$(s)) (E.39) 



then 

W^[V'(r),V+(r)] 



(E.40) 
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After expanding we find that 

+|;E/<'4{(^'*<^»('''5^)}'*''*'**l 

(E.41) 
Applying the same approach as above we find that the second term becomes 

(E.42) 
and the third term is given by 

Using resufts (jE.42[) and (jE.43[) and using the resuft obtained from integra- 
tion by parts 

/ ds {wc(s)*} ^ f ds {ujcis)} (E.44) 
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we find that 



-£i:/''4{j^''''*w'}"''^'*'| 

m ^ J 



We now combine the contributions so tliat when 

(;2 



P 

then 

where 



(E.45) 



[^'/^] = [^T.Id<d,^i^)^d,^i^)),P] (E.46) 



W[xp{r),'iP+{r)] -^ W^ (E.47) 



(E.48) 

where the {ujc{s)), the (9^-0(s)) (9^-0+(s)) and the (^^p ^^+^^J (^mJ^^) terms 

cancel and the first order functional derivative terms combine to remove the ^ 
factors. Thus only a first order functional derivative term occurs. 

Overall, the contribution to the functional Fokker-Planck equation from the 
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kinetic energy term is given by 



dt ; ^ 









Reverting to the original notation, the contribution to the functional Fokker- 
Planck equation from the kinetic energy term is given by 

^P|V.(r),,£^(r)l^ 






(E.50) 



Appendix E.2. Condensate Trap Potential Terms 
We write the trap potential as 



V= /"ds($(s)V$(s)) (E.51) 

^Vp= f ds{^{syV^{s))p (E.52) 



Now if 

P 

then 

W[i;{r),iP+{r)] 



2 6iP{s) 



(E.53) 
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After expanding we find that 

-> I ds{il)+{s)V{s)xl}{s)]W[i}j,^+] 

(E.54) 

We can now use the product rule for functional derivatives (JE.319P together 
with (jE.320p and (IE.32ip to place all the derivatives on the left of the expression 
and obtain 

W[^{v),^+[v)] 

ds\ {^^;T(i) W''(^)^(^)> - 5c(s,s)T/(s)| W[^,,p+] T22,T21 



._ J Mt^\„Ll^\ L T/T/r,/, ,/,+! 






(E.55) 



Details are 
T2 



^ {^+{s)V{s)W} 



5il)+{s) 



{V'+(s)F(s)l¥[V', V'"^]} - 5c{s, s)V{s)W['ip, V^ 



Now if 



pV = f dsp$(s)V$(s) (E.56) 
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then 



[V^(r),V+ 

/ 
ds V(s) 

V 


(r)] 

1 

~ 2 


' ] 


V{s) 


v 


"(s) 


1 5 \ 

+ 2<5v(s)y 


(E.57) 


Sip+{s)J 



After expanding we have 

W^[V'(r),V+(r)] 
-> f ds{^|J{s)V{s)tl;+ {s)}W[ip, V'+l 






(E.58) 



We can now use the product rule for functional derivatives (jE.319|l together 
with (jE.320p and (|E.32ip to place all the derivatives on the left of the expression. 
However the results can more easily be obtained by noticing that the pV is the 
same as the Fp if we interchange -0(s) and ip^{s) everywhere. Hence 

W[V'(r),V+(r)] 

ds {V'(s)F(s)V'+(s)} W[^, ^+] Tl 

- 1 dsi i-J—{^/j{s)V{s)} - Sc{s, s)F(s)| W[^, ^+] T22, r21 



-/^^{^^^(^^l^t'^'^"] ^' 



We now combine the contributions so that when 



(E.59) 



p^[V,p] = [f ds $(s) V(s)$(s), p] (E.60) 

then 

W[^{r),iP+{r)]^W° + W^ + W^ (E.61) 
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where the terms are listed via the order of derivatives that occur 

+ j rfsi {-fc(s, s)F(s)} W[^, 4,+] - f dsi {-<5c(s, s)t/(s)} W[^, 7A+] 



(E.62) 



W^ 



- i - Uh+(aWf<^\X I T/I/U ,/, + ! - / r]^- i 1 



= -y"cis|-^{T/(s)^(s)}W[^,^+]+y"ds|^^^y(s)^+(s)W[^>+] 

(E.63) 

y 4 \(5V'(s)(5?A+(s) ''J ^"^'^ J J 4 \(5V'+(s)(5V(s) ''J ^^' ^ ^ 
= 

(E.64) 

Overall, the contribution to the functional Fokker-Planck equation from the 
trap potential term is given by 



(E.65) 



which only involves first order functional derivatives. 

Reverting to the original notation, the contribution to the functional Fokker- 
Planck equation from the trap potential term is given by 

|p[V;(r),V:;(r)])^ 



-ii^I'i^)''^'^''^''^'^^'^^'^^ 
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(E.66) 



Appendix E.3. Condensate Boson-Boson Interaction Terms 
We write the boson-boson interaction potential as 



Now if 



C/ = I /"ds$(s)t$(s)1'$(s)$(s) (E.67) 

p-> Up^ I /ds$(s)t$(s)^$(s)$(s)p (E.68) 



W^[V'(r),V+(r)] 

- l/-(^'^'='-^^) i**'^^-\m>) {*''^-\m!i) (*'=>-^5^)- 

(E.69) 
After expanding we get 



M^[V(r),V+(r)] 
|y"ds{V+(s)V+(s)^(s)V(s)}W^+|ydsi|v'+(s)^+(s)V'(s)^^^W 



-^ 






2 



4 1^ (5'0(s) J?/'(s) ^ ^^ ^J 2 J 8 {5tp{s) Sipis)^ ^(5V'+(s)J 



(E.70) 

We can now use the product rule for functional derivatives (jE.3191) together 
with (|E.320p and (|E.32ip to place all the derivatives on the left of the expression 
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and obtain 

M/[^(r),V+(r)] 
-^ I /"ds{V'+(s)?A+(s)V'(s)V'(s)}T^ Tl 

3 ^..If ^5 ,,, 



2 



2 7 ^^2 1^^^^'^^^^'^^^^'^^^^"^'^^^^'^^'^^^^'^^^^''^ T32,T31 






^^o ^ TTrr r,^/ N r,4,^ x V^ (s)-T7TT r, + / x 2(5c(s,s) ^ VK T82,T81 






7iT7TTT7TTV'(s)^(s)^VK 



3_ { dMA__A__^±__^i^^Kw ri4 



8\(5^(s)J^(s)(5V'+(s)^ '] 



2 

/I r A A A A ^ 



Details include 



(E.71) 
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T2 



,5V+(s) 

( ' 



{V'+(s)V'+(s)V'(s)VF} 



S 



■^+(s)}V'(s)VK 



{5c(s, s)}^+(s)^(s)W^ + 7A+(s){<5c'(s, s)}ijis)W 



+V+(s)V+(s)V(s){ 



(5?A+(s) 



VK} 



= 2Sc{s, s)^+(s)^(s)W^ + ^+(s)7A+(s)^(s){^^— -yT4^} 
(5 



^+(s)V'+(s)^(s){ 



(5?A+(s) 



■W^[^,V'+]} 



— -{V'+(s)V'+(s)^(s)W^['0, V+]} - 2(5c(s, s)^+(s)V'(s)W^[V', V'" 



5V+(s) 



T3 



( ' 



■{ij+{s)iP+{s)ij{s)W} 



,^.(,)'A^(«)}^"(«)'A(s)H^ + V.-(s){^^^^ 



V'+(s)}V'(s)VF} 



+i/.+ (s)^+(s){ 



Si;+{s) 



ij{s)W} 



^+{s)i:+{s){-^ij{s)W} 



<5V+(s) 



Sip+{s) 



{ij+{s)i;+{s)ij{s)W[ij,ip+]} - 2Sc{s,s)ijj+{s)iP{s)W[ip,ip' 



151 



T4 



Sip+is)6ij+{s) 



{'iP+{s)'iP+{s)W} 



6 



{y-|^V+(s)}V^+(s)VK + ^+(s){— |--^+(s)}VK 



-(5V+(s) 



(5?A+(s) 

6 
<5V'+(s) 

(5 
(5V'+(s) 



V+(s)^+(s){ 



(5?A+(s) 



T4^} 



2(5c(s, s)?A+(s)W^ + ip+{s)'ijj+{s){ 



{26c{s,s)i^+{s)W} + 



6ij+{s) 



W} 



+ {T-i7-,i^^{^)}^^{^){T-i7-,W} + ^l;+is){-^^P+{s)}{—^W} 



+V'+(s)^+(s){ 



Si;+{s) Sij+{s) 



(5?A+(s) 
^ W} 



-<5V'+(s) 



-S^p+{s) 



(5V+(s) 



{2,5c(s,s)V'+(s)W^} + 



+25c(s,s)^+(s){— |^VK} + V^+(s)V^+(s){ ^ 



^ {2Scis,s)^+{s)W}+^+is)^+is){ ^ 



6 



^ W} 



W} 



,5V+(s) 5^+{s) 



6iP+{s) 



{25c{s, s)^+(s)VK} - 25c{s, s)^W 



V'+(s)7A+(s){ 



<5V'+(s) 6^+is) 



W[i^,i^+]} 



S 



{V'+(s)V'+(s)VK[V',V'+]}- 



S 



d^+{s) 



{2<5c(s, s)i;+is)W[i>, V+]} + 2<5c(s, s)^W[^, ^+ 



{25c{s,s)i;+{s)W[ij,i^+]} 



T5 
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s 



-{i;+{s)iP{s)'iP{s)W} 



-{V'+(s)}V'(s)V'(s)VK + tl;+{s){——-^{s)tl;{s)W} 



(5?A(s) 
V'+(s){^^(s)^(s)W^} 

.{^+(s)V'(s)V(s)w^[V',V'+]} 



(JV'ls) 



(5 



(5-0 (s 



T6 



(5 



,5?A(s) (5?A+(s) 



{'ip+{s)'iP{s)W} 



(5 



{t7T7T^^(«)W(«)^ + ^+(s){t747tV'(s)}W^ 



-(5V'+(s) 



+ 



(5-0 (s 
S 



i>+{s)i;{s){ 



(5?A+(s) 



T4^} 



^^(s) ^^c(s,s)^(s)^ + V.-(s)^(s){^^^ 



W} 






'S^Pis) 



S^pis) 



-6ij+{s) 



-^+(«){t^V^(«){t7^W^}} 



-(50(s) 



-(5V'+(s) 



{t^-^cIs, s)^Pis)W} + 0+(s){-^^(s){-^M^}} 



-(JV'ls) 



-JV'ls) 



-S^p+is) 



V'+(«){t3Lv'(«){^^w^[^>^]}} 



,5?A(s) (5?A+(s) 



(5V'(s) 



^Si;{s) 
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T7 
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then 



W^[^(r),^+(r)] 



- \h{*^^-\ih, 



m-l ' 



2 5i}j+{s) 



^+(s) + - 



1 6 



2 (5V'(s) 



^^+(8) + - 



1 6 



2 5t}}{s] 



W 



(E.73) 
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After expanding we obtain 



H'[*(r).*+(r)] 



-> 









27 ^^4 U^+(s)^^+(s) ^(^)^ (^^1^+27 ''8 Wis)Si.Hs) '^^'^H(s)^'^ 



(E.74) 

We can now use the product rule for functional derivatives (jE.319|) together 
with (jE.3201) and (jE.32ip to place all the derivatives on the left of the expression. 
However the results can more easily be obtained by noticing that the pU is the 
same as the ?7p if we interchange tpi^) and ^^(s) everywhere. Hence 



158 



M/[V'(r),V+(r)] 
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We now combine the contributions so that when 



P^ {U,P\ = [f / c^s §(s)t$(s)t$(s)$(s),p] 



(E.76) 



then 
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(E.77) 
where the terms are listed via the order of derivatives that occur 

W" 



ds{V'+(s)V'+(s)i/'(s)V'(s)}VK-| / ds{V'(s)V'(s)V'+(s)^+(s)}VK 
+ ^ I ds^{-2Sc{s,s)i:+{s)4^{s)}W - ^ I ds^{-2Sc{s,s)i:{s)ij+{s)}W 

+ 1 1 ds^{+26cis,sr}W - ^ I ds^{+26cis,sf}W 



(E.78) 









-f/4{-^^-(^'^)^(^)}^+f/'^4{-;^^-(^'^)^'(^ 
-f/4{-^^-(^'^)^(^)}^+f/'^4{-;^^-(^'^)^'(^ 
-f /^4 {^^"(^)^(^)^(^)} ^ + f /'^4 {^^(^)^"(^)^" 
-f/4{-^^-(^'^)'^(^)}^+f/'^4{-;^^-(^'^)^"(^ 
"f/4{-^^-(^'^)'^(^)}^+f/'^4{-;^^-(^'^)^'(^ 

-.9y"ds^^{(^+(s)^(s)-fc(s,s))^(s)}W^[^,^+] 

(E.79) 
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^2 J ^16\(5?A(s)<5?A(s)(5V'+(s)(5V'+(s)J 

2 J ^1q\5^+{s)5iI)+{s)5iI){s)5^{s)] 
= 

(E.82) 

Overall, the contribution to the functional Fokker-Planck equation from the 
boson-boson interaction is given by 

= ^|-.9|ds-^{(^+(s)^(s)-<5c(s,s))7^(s)}W[^,^^ 

(E.83) 

which involves first order and third order functional derivatives. We have re- 
placed 5k{^) by its full form (5i<-(s,s). 

Reverting to the original notation we have 

^P[^(r),^(r)]) 
^ T i'^I'^^J^) {(^c(s)^c(s) - <5c(s,s))^c(s)} P[^(r),^(r)]| 

(E.84) 

Appendix E.4-- N on- Condensate Kinetic Energy Terms 
We write the kinetic energy as 

f =|^^ydsa^$(s)ta^$(s) (E.85) 
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Now if 



2m ^-^ J 



(E.86) 



then 



P[^(r)>+(r)] 

(E.87) 
After expanding we find that 

P[V'(r),V^+(r)] 

TO ^ J 

(E.88) 

For the first term, the product of the spatial functions can be written in 
opposite order so that 

" ds{{d,,^j+{s)) {d^^j{s))} P[^,^+] 

ds{(a^^(s))(a^^+(s))}F[^>+] (E.89) 

We can use (jE.30[) together with the exphcit forms (JE.315P and for the func- 
tional derivatives to modify the terms in the new P[ip,il}^], which is equivalent 
to the function ^(0:^,0!^) if iIj{s) and ip^{s) are expanded in terms of modes 
(j)k{s) or 0^(s), as in (JE.316P and (JE.317P with expansion coefficients at and a^. 

In the second term we use (IE.30I) to apply the spatial derivative to the -0(8) 
factor 



/ ds ^ {df,(l)l{s)} -— Y^ ai{d^(j)i{s)}p{ak,a+) 
- fds f2 i^K^)}^ E c.i{dlM^)}pia,,a+) 

•' k^l,2 '^ 1^1,2 
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Using results (|K89t and (|K90)) we find that 



2m ■ 

(i2 



Now if 



^=£E/^«?(^a<*(^)^^a<*(^)) (E.92) 



then 



P[V'(r),V+(r)] 
2m 



(E.93) 
After expanding we find that 

P[7A(r),^+(r)] 

TO ^ J 

(E.94) 
Applying the same approach as before the second term is given by 

Using the result (IE.95I) we find that 

P[V'(r),V+(r)] 
-^ |^E/^«{(^^^(«))(^mV'+(s))}P[^>+] 

+£E/^^{(^) (5>-(s))}p[^>-] (E.96) 



164 



We now combine the contributions so that when 

fi2 



P^ [r,p] = [|^^ /'rfs(9^$(s)ta^$(s)),p] (E.97) 

then 

P[V'(r),V'+(r)] ^P^ (E.98) 



where 






(E.99) 



where the {d^i){s)) (9^^+(s)) terms canceL Thus only a first order functional 
derivative term occurs. 

Overall, the contribution to the functional Fokker-Planck equation from the 
kinetic energy term is given by 



h \ J \ 5il)+{s 

^2 



*' j''\wiAVi:lrS*^iA^\*-*^\ 



-T{+/''n^(?i'''-*'T'** 



(E.IOO) 



Reverting to the original notation, the contribution to the functional Fokker- 
Planck equation from the non-condensate kinetic energy term is given by 



^r /"H «&) [T.lrfi*t.ci'')]pw>-t,('A 



fj- 

2 



TM*te) i: !;;''-*-■'=> ''[5m.*;mi 



(E.lOl) 



165 



Appendix E.5. Non- Condensate Trap Potential Terms 
We write the trap potential as 



V = /"ds($(s)V$(s)) 



(E.102) 



Now if 



p^yp= /ds($(s)V$(s))p (E.103) 

then 

F[V'(r),7A+(r)] 

^ y ds I (^^+ (s) - ^) y (s) (v^(s)) I p[v^, V'+i 

(E.104) 
After expanding we find that 

P[V'(r),^+(r)] 

-> y ds {7A(s)t/(s)7A+(s)} P[^, ^+] - y ds |-^y(s)7A(s)| P[^, ^+] 

(E.f05) 

where we have re-ordered the ip^{s)V{s)ip{s) factor in the first term. 
Now if 

p^pV^ /"dsp$(s)V$(s) (E.106) 

then 

P[V'(r),V+(r)] 

(E.107) 
After expanding we have 

P[7^(r)>+(r)] 

ds{^(s)T/(s)^+ (s)}P[V;, V+] " y ds { ^^^ns)^+ (s) I P[^, ^+] 

(E.108) 



We now combine the contributions so that when 
P 
then 



[V, p\ = [f ds $(s)tT/(s)$(s), p] (E.109) 
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P[tp{r),^+{r)] -^ P^ (E.llO) 

which only involves a first order derivative since the zero order terms cancel. 

(E.lll) 

Overall, the contribution to the functional Fokker-Planck equation from the 
trap potential term is given by 



(E.112) 



which only involves first order functional derivatives. 

Reverting to the original notation, the contribution to the functional Fokker- 
Planck equation from the non-condensate trap potential term is given by 

Appendix E.6. Non-Condensate Boson-Boson Interaction Terms 

For the Bogoliubov Hamiltonian for which we derive the functional Fokker- 
Planck equation this boson-boson interaction in the non-condensate Hamilto- 
nian Hf4c is discarded, but for completeness we treat it here. We write the 
boson-boson interaction potential as 



Now if 



[/= I /"ds$(s)^$(s)^$(s)*(s) 



p^ Up= I /"ds$(s)t$(s)^$(s)$(s)p 



(E.114) 



(E.115) 
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2 ds{V+(s)V^+(s)^(s)V'(s)}P[7/-,V+] 

-l y ds |-V'+(s)^v(s)V'(s)| p[^, v+] 

9 f ,J ^ ^ .u.^.uA T,,.i. ,,,+1 



i/'^i^^c^'^^^^^^^^^^'^f^'^ 



(E.116) 



After expanding we get 



9 



P[^(r),V+(r)] ^ ly ds{V;+(s)V+(s)7/;(s)V^(s)}P[V',V^+] 






(E.117) 

We can now use the product rule for functional derivatives (|E.319p together 
with (|E.320p and (|E.32ip to place all the derivatives on the left of the expression 
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and obtain 



P[tpir),'il;+{r)] 



2 7 ^s|;5^^+(s)V'(s)V'(s)|P[V,r, 



2y'^i;w¥(^^^^^^^^^^^f^'^ 



(E.118) 



where we have also rearranged the order of the factors in tp^ {s)ip'^ {s)ip{s)ip{s) 
Details include 
T2 



^ {V+(s)V(s)V(s)P} 



(5V(s) 



-{V+(s)}V'(s)V'(s)P + tl^+(s){-—--^{s)tl^{s)P} 



^+(s){^^V'(s)V'(s)^[V',V'+]} 
'^ {^+(s)V(s)V(s)P[V',V'+]} 



(57/;(s) 



Now if 



p ^ pU =^ dsp§(s)^$(s)'f$(s)$(s) 



(E.119) 
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then 
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9 



, ds{V'(s)V'(s)V'+(s)V'+(s)}F[V',V'"*"l 



2^ ds|-^(s)^^^j^^+(s)^+(s)|P[V',V+] 
After expanding we obtain 



(E.120) 



2 7 ^MV'(«)^^;+7^^ (^W^ («)K[^> 

2 7 \,5?A+(s),5V'+(s) 



(E.121) 



We can now use the product rule for functional derivatives (|E.319p together 
with (|E.320p and (jE.321[) to place all the derivatives on the left of the expression. 
However the results can more easily be obtained by noticing that the pU is the 
same as the f/p if we interchange ip{s) and ■(/'^(s) everywhere. Hence 
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P[V'(r),V'+(r)] 

-| y rfs |^^^V(s)^+(s)^+(s)| P[7A,^+] 
I y ds {V'(s)V(s)^+(s)V'+(s)} P[^, V+] 



^^^^V^^V^^"(^)^"(^)^^[^'^' 



We now combine the contributions so that when 

P^ [U,P\ ^i^Jds $(s)t$(s)t$(s)$(s),p] 

then 

P[V'(r),V'+(r)] ^pi+p2 

where the terms are Usted via the order of derivatives that occur 
Pi 

-5 y rfs I ^^^(s)V'(s)^+ (s) I ^[^, V'+l 



P2 



S I J~\ " " -'.+ ^c.^,/,+ ('=^ k PU/, ,/,+! 
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(E.122) 



(E.123) 



(E.124) 



(E.125) 



(E.126) 



+1 



Overall, the contribution to the functional Fokker-Planck equation from the 
boson-boson interaction is given by 

= ^ { -5 / ds^ { (^+ (s)V'(s)}V'(s) }P[^, V^+] I 

(E.127) 

which involves first order and second order functional derivatives. 

Reverting to the original notation the contribution to the functional Fokker- 
Planck equation from the non-condensate boson-boson interaction term is given 

by 

|p[^(r),V4(r)])^ 

(E.128) 

Note that this term is not included in the final functional Fokker-Planck equation 
for the Bogoliubov Hamiltonian. 

Similar expressions for the functional Fokker-Planck equation in the case of 
a pure P representation (but not involving a doubled phase space) are given in 
the paper by Steel et al [[55]] (see Eq. (17)). Comparisons can be made by 
substituting tfj^(^{s) with ^^^(s). As in the present result, no restricted delta 
function (5c(s,s) term in the interaction contribution appears in a P represen- 
tation approach. 
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Appendix E.7. Condensate - Non- Condensate Interaction - First Order in Non- 
Condensate 

The first order term in the interaction between the condensate and tlie non- 
condensate is 

Vi = gjdr^^^c{r){%{r)^c{r)}^c{r)-gj JdrdsFir,s)^Ncir)^^c{s) 

+g f dr%{r){%{r)^c{r)}^Nc{r)-g f f drdsF*{s,r)^c{r)^^Nc{s) 

(E.129) 

This is the sum of two terms, one fourth order in the field operators, the 
other second order. 

Vu = g I dv%ci^)%ir)^cir)^c{r)+g I dr%{r)%ir)^c{r)^Ncir) 

(E.130) 

^12 = -g f f drdsFir,s)^Nc{r)^^c{s)- g J J drdsF*{s,r)^c{r)^^Nc{s) 

(E.131) 

Appendix E.7.1. Fourth Order Term 
Now if 

p^Vi4p = gJ ds ($jvc'(s)$^(s) $c'(s)$c(s)) + $^(s)*^(s) $c(s)*jvc(s))p 

(E.132) 
then 

VKP[V'(r), ?A+(r), (/)(r), </)+(r)] 

^ g fds(^+is)--^)(^+is)-^-^)(^P{s)^ ^ 



x(0(s))T4^P[^,V'+,0,0+] 

(E.133) 

Expanding out the terms gives 

T4^P[V;(r),V+(r),0(r),0+(r)] 
^ W^PiV-W, ^+(r), ^(r), 0+(r)]i_i6 + T4^P[^(r), V+(r), 0(r), 0+(r)] 17-24 

(E.134) 
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where 
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+5 / ds 



2 (JV'+Cs) 



VFP 



0+(s)) (^+(s)) 



1 



S 



2SiP+{s] 



0+(s)) (^+(s)) ( i- ^ 



(^(s)) W^P 



1 



2(5V'+(s)y \2SiIj+{s) 



: (5V'(s) 
1 ,5 
'2Sipis) 
S 

: (5V'(s) 
1 6 



Ws))(^ "^ 



<^+(«)) (-^T37IT ) W«)) W«)) K^ 
0+(s)) 

0+(s)) (-^ 
0+(s)) 



2<5V+(s) 



W^P 



WP 



d(j}{s 

S 



1 (5 

2(5?A+(s) 
1 J 



(V^(s))|VKP 
1 <5 



2Sip{s)J \2 6^+is)J \2 6^+{s) 
{yj+{s)){i:{s)){i:{s))\wP 



WP 



{^+{s)) (V-Cs)) 



2(5?A+(s) 



T4^P 



(V;+(s)) 
(V;+(s)) 



(7A(s)) W^P 



(5 



1 S 

2S'ip+{s] 

1 (5 

2S'iP+{s)J \2S'iP+{s) 



1 (5 

" 2(5^^(8) 

1 S 

'2 6ij{s) 

i_s_ 

'2Si;{s) 
1 S 



(^(s))(^(s))|W^P 



2Sij+{s) 



WP 



WP 



1 ,5 
2(5V'+(s) 
1 (5 



2(5V'(s)y V2<5V'+(s)y \2Si;+is) 



(V'(s)) W^P 



1 



VKP 
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and 



T4^P[V;(r),V'+(r),0(r),0+(r)]i7-24 
+3^ ds {(^+(s)) (^+(s)) (^(s)) (0(s))} WP 

1 S 



+9 / ds 
+9 / ds 
+9 / ds 
+9 / ds 
+9 / c?s 
+5 / ds 
+9 / ds 



(^+(s)) (^+(s)) 



2,5V+(s) 



(0(s)) WP 



(^+(s)) 



(5 



2 (5?A(s] 
(5 



(^(s)) (0(s)) } WP 
1 (5 



1 S 



2 (5?A(s] 
1 <5 



2 ,5V(s' 
1 <5 



2 6iP{s] 
1 <5 



2 (JV-Cs] 
or on further simplification 



5i:{s)J \2S^l;+{s 
{i:+{s)){^p{s)){<t>{s))\WP 
S 



{^{s)) WP 



(^^(«)) (^ 



{^{s)) WP 



1 S 



2 (JV'ls) 
1 (5 



5tp+{s) 
{yj{s)) (cj^is)) } WP 



2 5tl){s)) \2 5ij+{s) 



{c^{s))\WP 
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TyP[V'(r),V'+(r),, 



g I ds {{(j) 

1 
2 
1 
2 

+9 I ds- 



+9 / ds 
+9 / ds 



-9 I ds- 



-9 I ds- 

ds - 
4 

-q I ds — 



9 I ds 

1 
2 
1 
2 
1 
4 

+.9 / c«s - 



+9 I ds- 



+9 I ds- 



-9 I ds- 



-g / ds 
-g / ds 
"5 / ds 



0) (v^ 

/)+(s 
/)+(s 
/)+(s 
/)+(s 
/)+(s 
/)+(s 
/)+(s 



r),0+(r)]i-i6 
(s))(^(s))(VXs))}W^P 

(^+(s)) (^(s)) ^ ^ 



( ^ 



\^{s) 



(57/;+(s) 



Tl 
WP 



(^+(s)) 

(^+(s)) 
/ 5 



5il;+{s) 
5 



(^(s)) [> WP 
6 



\Si;{s) 



#+(s)y \SiIj+{s) 
(^(s))(^(s))Wp 
6 



(^(s)) 



(5 



,5V+(s) 



V<5V'(s)y \6ip+{s) 
f 5 \ f 6 



5 



\Sij{s)J \6iP+{s)J \6iP+{s) 
(^+(s))(^(s))(V'(s))Wp T9 
S 



T2 
T3 
WP T4 
T5 
WP T6 
Tl 
WP T8 



(^+(s)) (^(s)) 

(^+(s)) 

(^+(s)) 



5^+{s) 



WP 



5 



{^{s)) \ WP 
S 



(5?A+(s)y \Si:+{s) 



f ^ 



\6iP{s) 

s 

&4Hs) 

f ^ 



{^{s)) {^{s)) \ WP 
6 



(^(s)) 



6ij+{s) 



\S^is)J \Sip+{s) 
f 5 \ f 5 



\6ip{s)J \Sij+{s)J V#+(s) 



5 



TIO 
Til 
WP T12 
T13 
WP T14 
T15 



WP T16 
(E.135) 
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and 



TyP[7/.(r),V'+(r),<^(r),0+(r)]i7_24 

+g fds {(^+(s)) (^+(s))(V(s))(0(s))}W^P T17 



WP T18 
T19 



-5|dsl|(V.+ (s)) (^^) (^(s))(</>(s))|p^P 



(E.136) 

These terms can be simplified in terms of placing all the functional deriva- 
tives on the left by using the product rule (IE.319P together with (|E.320p and 
(|E.32ip for functional differentiation and noting that many functional deriva- 
tives are zero. 

For the T2 term 

ds i {(0+(s)) (^+(s)) (V.(s)) (^^) } WP 

^4 { {wis}) {<^^(^)^^(«)^(«)} - i^cis, s)0+(s)^(s)}| WP 



lds^{6c{s,s)cP+{s)i:{s)}WP 
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For the T3 term 
ds 



i|(0+(s))(^+(s))(-^)(^(s))|w^P 
ds^{Sc{s,s)(f>+{s)xb{s)}WP 



For the T4 term 
ds 



For the T5 term 



For the T6 term 






For the T7 term 
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For the T8 term 

WP 



dsi|(0+(s))^ ^ 



8 \^^ ^ " \Si:{s)J V'5^+(s)/ \Si^+{s) 



For the T9 term 



ds I (^^) (^+(s)) (^(s)) (^(s))| WP 



For the TIO term 






For the Til term 






ds 
2 
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For the T12 term 




/-i 


{ f 5 \ , ,, ,. f 5 \ f 5 M 


\\5<P{s))^^ ^"'>{5^+{s)) W+{s))j 


= H 


( ' )^( ' )UU~))( ' Vir/^ 


{Sc^is)) iUV'+(s)y'^^ ^^>'{d^p+{s))j 


-/* 


l{sH.)){^^^-^isAs))h^ 


^ h\ 


( ' )^( ' )( ' ]H-^hV^WP 


U0(s)JlUV'+(s)JU^+(s)j^^ ^^^M 


-/* 


i(^){(^.'(s))^^^(-»}^^ 


-/* 


i{(^/(s))(..'(s))^^^(-»}^^ 


= H 


f/^ -5 W ^ W <5 \,,,.+ 1 


{[sHs))WHs))Wns))^^ (^)^j"^ 


-I" 


1 r/ (5 \ / (5 \ 1 


For the T13 term 




/■ 


1 ( / 5 \ f 6 \ 1 

2 [V(50(s)y V'^'0(s)/ J 


-!■ 


1 f/ (5 \ / (5 \ 1 

2 [V'^'/'(s)/ V'^^(s)/ J 


For the T14 term 




/.s 


'^(^ ' V ' V-H)!" ' Vwp 


4 [Wis)) Wis) )^^^-^^ Wis) Jj''"^ 


^ /* 


'U ^ ]( ^ ]( ^ V-'-f-v^iri^ 


4{Wis))Wis))Wis))^^^-^^j'''^ 


For the T15 term 




I" 


'^( ' ]( ' ]( ' ](-H)hvr 


4lU0(s)JU^(s)JU^+(s)j^^^"j" 


^ I'' 


'U ' \( ' \( ^ V-'-("V^iri^ 


4iU0(s)JU^(s)JU^+(s)j^^^'^^^j" 


For the T18 term 




f rh^ Uj.+ fr.\\ /„;,+ ^.^^ 1 ^ \ fAfr^wi WD 


i'' 


2 i^^ v-^MV' ^^^^ V<5^+(s)y '"^^ ''i 


/'^4{(.^'(s)){^"(^)^"(^)^(^)>}^^ 


'J 


dsi{2fc(s,s)^+(s)</)(s)}W^P 
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For the T19 term 



c^s i I (^-g^) {^+(s)^(s)0(s)}| WP 



For the T20 term 






For the T21 term 



2lUV'(s) 



^41 f TTTT ) W+(s)^(s)0(s)} J> T4^P 



For the T22 term 



"4 {(sib) <*''^»(s^) <*<"'}'*■'■ 



For the T23 term 



'^^i{(^)(^'^'^^^^^^^^^»^^'^ 



For the T24 term 



''4{(iv^)(iv^)(j^)«=»}«'^ 



Hence substituting these results we have 
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l^P[V'(r),V+(r),</>(r),0+(r)]i_i6 
= .9 / ds {</-+(s)V'+(s)V'(s)V'(s)} VKP Fl 



-9 I ds- 



g ds 



-g I ds-{5c{s,s)(j)+{s)ij{s)}WP F2.2 



-g I ds^{Sc{s,s)<j)+{s)i:{s)}WP F3.2 

s \ r S 



-9 / ds - 



— g / ds 
-g I ds 
-g / ds 
—g / ds 
-9 ds^ 
-g / ds 



-9 I ds - 

-9 I ds - 

1 
2 
1 
2 
1 
4 
1 
2 
1 
2 

-9 I ds - 



'9 / ds 

-g / ds 

-g / rfs 

-g / ds 

-g / ds 



^9 / ds - 



-q I ds — 



5 



#+(s) 



{(f)+ {s)tl)+ {s)tl){s)} \ WP F2.1 



{(f)+ {s)ilj+ {s)il){s)} \ WP FS.l 



5il)+{s)J \5^+{s) 
6 



{(j)+{s)i;+{s)}'>WP Fll 



SiP+{s) 
S 

liAs) 
s 



{(j)+{s)Sc{s,s)}'>WP F12 
{(f)+{s)i:{s)iP{s)}\wP F5 

{(f>+{s)i:{s)}\wP F6 
{(l)+{s)^{s)}\wP Fl 

{(/)+(s)}Wp F8 



Sip{s)J \SiP+{s) 

s \ / s 



5^p{s)J \5i;+{s) 
5 \ f S 



Si;{s)J \Sij+{s)J \Si;+{s) 
S 



is) 

s 



{xP+{s)'iP{s)ip{s)}}WP F9 



5tp+{s) 



{'iP+{s)'iP{s)}}WP FlO.l 



{5c{s,s)i;{s)}\WP F10.2 



(50(s)y \5%Ij+{s) 
5 



{i:+{s)^:{s)}\WP Fll.l 



.^^^^{5c{s,s)i,{s)}\WP F11.2 

54>{s)) \StP+{s)J \Si:+{s) 
S \ / 6 



(5(/)(s)y \Sip+{s 

dip{s) 
6 



{ij+{s)}'>WP F12.1 

{5c{s,s)}^WP F12.2 

{V'(s)V'(s)}Wp F13 

{^{s)}\wP FU 

{i:{s)}\wP F15 

WP F16 
(E.137) 



5tlj{s)p\5^+{s) 
5 \ f 5 



Si;{s)J \5^+{s) 
6 \ /" 5 



)) \5tl){s)) \6ij+{s)J \Sij+{s) 



and 



W^P[7/^(r),V'+(r),0(r),0+(r)]i7_24 

+g / ds {7/;+(s)V'+(s)V'(s)0(s)} WP F17 



+^/'^4 { {Wi^ {^+(s)^+(s)0(s)}| WP F18.1 
-g /'dsi{2(5c(s,s)V'+(s)0(s)}VKP F18.2 
-3/rfs^|(^){V'+(s)^(s)0(s)}|w^P Fi5 

+9 j ds-i(^-^^{5c{^,s)cj,{s)}\wP F20.2 
^g f ds\\(-^]{il}+{s)il}{s)4>{s)}\wP F21 



2 IV'^^(s) 

I { f S \ f 5 



+9y"<isiHj-^"){fc(a,s)0(s))|l1.'P F28.I! 
+''/*l{(54))(^) <*•=»'*'=»}"'■'' "^'^ 

(E.138) 

Collecting terms with the same order of functional derivatives we have 

W^P[^(r),^+(r),0(r),0+(r)] 
^ WP^ + WP'' + WP"^ + VKP^ + VFP" 

(E.139) 
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where we have used upper subscripts for the Vup contributions and 

= g I ds {(P+{s)tl;+{s)ij{s)tl;{s)}WP Fl 

+g f ds^{-{Scis,s)^+is)^Pis)}}WP F2.2 
+g J ds^{-{5cis,s)4>+isWs)}}WP F3.2 
+g / ds {V'+(s)V'+(s)V'(s)0(s)} WP F17 
-g f ds^{25c{s,s)^+{s)(b{s)}WP F18 

= g j ds {<i>+{s)i;+{s)i^{s)i;{s)]WP[i;,i;+,cj),c^+\ 

+g f ds {V'+(s)V'+(s)V'(s)0(s)}W^P[V',V+,'/',0+] 
-g J ds {(5c(s, s)(f>+{s)^P{s)}WP[i^, ^+,0, (f>+] 
-g f ds {6c{s, s)xb+{sms)}WP[^P, V'+, 0, (f>+] 



(E.140) 
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WP^ 



-g / ds 

-g / ds 

-g / ds 

-g / ds 

-g / ds 



(5V+(s) 

S 
Sijj+is) 

5 

di^+{s) 
s 



-9 I ds- 



+.9 / ds- 



(5-0 (s 

\S<f>is) 
S 



{0+(s)V'+(s)V'(s)} > WP F2.1 
{<P+{s)ij+{s)^{s)}\wP F3.1 

{<p+{s)5c{s,s)}\wP F4.2 

{(f>+{s)i:{s)tP{s)}\wP F5 



+9 I ds- 



ds - 
2 



-g / ds 
-g / ds 
-g / ds 
-g / ds 



6^is) 
S 

6 
<5V+(s) 
(5 

(5 

5 

SiPis) 

S 
SiPis) 
S 



ds - 
2 

-9 I ds- 



9 ds 



S 



6ij+{s) 
5 



6iP+{s) 



{xl;+{s)il:{s)^{s)}\WP F9 
{5c{s,s)^{s)}\wP F10.2 
{(5c(s,s)?A(s)}Wp F11.2 

{tl:+{s)tl;+{s)(j){s)}\wP F18.1 
{ij+{s)ij{s)<P{s)}\wP F19 
{5c{s,s)(t){s)}\wP F20.2 
{?A+(s)V'(s)0(s)} Wp F21 
{(5c(s,s)</.(s)}Wp F22.2 
{0+(s)7A+(s)7A(s)}| VKP[V, i^+A, '/'+] 
{^+ (s)^+ (s)(/)(s)} I WP[4>, V+ , 0, 0+] 
{0+(s)(5c(s, s)} WpiV', ^+, 0, 0+] 



-9 I ds- 
+9 I ds- 



\His) 



s 



{^+(s)^(s)0(s)} M^PiV-, V+, 0, 0+] 



-5 / ds 
+9 / c^s 



6iP{s] 

S 
SiPis] 
6 



(s) 



{0+(s)V(s)V(s)}| VKP[^, V'+, •Z', 0+] 
{<5c(s,s)0(s)}Wp[V;,7A+,0,0+] 

{^^+(8)^(8)^(8)}) WP[tP, ^+,cf>, Cf>+] 



{Sc{s,s)^P{s)}\WP[i^,i^+,4>,4>^ 
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WP 

+g 



ds - 
4 

ds - 

4 

ds - 

4 



ds ■ 



ds 



ds 



ds 



ds 



ds - 

4 

ds - 

4 

ds - 

4 

ds - 
2 



ds 



ds ■ 



ds 



ds ■ 



ds - 

4 






6 
5 



S 
S 



s 



(5?A+(s) 
5 



S 



,5V+(s) 

S 
SiP+is) 

S 
(5?A+(s) 
__S__ 

s 
(^ 

5 

(5?A+(s) 
(^ 



{4>+{s)ij+{s)}}WP F4.1 
F6 
Fl 
FlO.l 
Fll.l 



{(/)+(s)V'(s)} \WP 

{0+(s)V'(s)} Wp 

{V'+(s)V'(s)}|wP 

{V'+(s)V'(s)}Wp 

{(5c(s,s)}Wp F12.2 
{?A(s)V'(s)}Wp F13 

{V'+(s)0(s)} Wp F20.1 

{V'+(s)0(s)} Wp F22.1 
(^-(8)) (</)(s)) I WP F23 



5 

5tl){s) 
6 



{0+(s)^+(s)} T4^P[V;,V+,0,0^ 



S 



(50(s 
S 



S 






{0+(s)^(s)}|T4^P[7/^,V'+,0,0+] 
{V+(s)7A(s)}Wp[^>+,0,0+] 

{(5c(s,s)}Wp[V',V+>,0+] 
{^(s)^(s)}Wp[^,V+,0,0+] 

{^+(s)0(s)}Wp[V;,V+>,0+] 
{7A(s)0(s)}Wp[7/^>+,0,0+] 



(E.142) 
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WP'^ 



-9 I ds- 



ds - 
4 



+9 I ds- 



ds ■ 
'9 I ds 
ds 



-9 

-g I ds 



9 / ds 



+c. 



ds - 
8 



6ip+{s)J \6iP{s)J \6iP{s) 



s^+{s)j \5i:+{s)j ys^pis) 

S \ / 5 \ / S 



{s)J \6^+{s)J \6^+{s) 
6 \ f S \ f 6 



6ip+{s)J \6iP{s)J \6(t){s) 
S \ f S \ f 6 



Sip+is)j ysipis); \S(t){s) 

s \ f s \ f s 



Sip+is); ysipis); ysipis) 

6 \ / 6 \ / S 



5^+is)J \d^+{s)J \S^is) 
6 \ / 6 \ / 6 



Sip+is); ysip+is); \S(i){s) 

6 \ f S \ f 6 



(5?A+(s)/ ySipis) J \d(t)[s] 

s \ f s \ f s 



{(l)+{s)}'>WP F8 
{il:+{s)}\wP F12.1 

{^{s)}\wP FU 

{i}{s)}\wP F15 

{(t){s)}\wP F24 
{0+(s)}Wp[^,^+,^,0+] 

{^+(s)}Wp[V',V+,'/',0+] 
{7A(s)}Wp[^,^+,0,0+] 

(E.143) 



WP 
-9 I ds- 

1 



9 ds- 



Now if 



6 



{s)J \5i:{s)J \5i:+{s)J \Si:+{s) 
S \ f 5 \ f 6_\ ( 5 



8 \\5^Ij+{s)) \5%P+{s)) \5%I:(s) 



WP F16 

(E.144) 



g I (fsp($^(s)$|;.(s) $c(s)$wc(s)) 



(E.145) 
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then 



WP[tpir),'iP+{r),(t>{r),<l)+{r)] 
1 S 



-> 



g ds (tP{s) - - 
X {(j)+{s))WP 



6ijj+{s) 



g / ds 



.50+ (s) 



^-(8) 



^(s) 



1 (5 



2Si:+{s] 



2 5i:+{s] 



^+(s) 



^+(s) 



1 S 



X -0(8) + 



1 s 



2 (5V'(s) 



VFP 



2 6iP{s] 

1 (5 

2 5V(s) 

(E.146) 



Expanding this expression gives 

^ ^^^[0^(0,^+^, 0(r), 0+(r)]i_8 + T4^P[V;(r), ^+(r), 0(r), 0+(r)]9_ 



24 



(E.147) 



where 



WP[V'(r),V'+(r),0(r),0+(r)]i_8 

(5 



+g ds< 


+g dsl 


+g ds< 


+9 dsl 


+9 J dsl 


+9 dsl 


+9 dsl 



(^(S)) 



1 

2 6ij+{s) 
1 S 






1 (5 

"2(57/;+(s) 

1 5 
'2Sil;+{s) 

1 (5 
"2(5V7+(s) 

1 S 
'2 6ip+{s) 



2SiP+{s)J \2SiP{s) 

{^{s)){i:+{s)){^+{s))\WP 
1 5 



(^(s)) 



1 



2 (^V'ls) 
(5 



(s)) T4-P 



2Sil;+{s) 
1 <5 



(^+(s))((/)+(s))|.T4^P 
1 S 



2dtp+{s)J \2Sip{s) 



(s)) W^P 
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and 



WP[<i;{v),i,+ { 


+9 j ds 


iH^)) 


+9 / ds 


W^)) 


+9 / ds 


(0(s)) 


+9 / ds 


(0(s)) 


+9 / ds 


(0(s)) 


+9 / ds 


('/'(s)) 


+9 / ds 


(0(s)) 


+9 / ds 


(0(s)) 



r),</.(r 
(V(s) 

(V'(s) 
(^(s) 

(V(s) 
1 



,0^(r)]9-24 

(7/;+(s)) {iP+{s))WP 
1 (5 



2 (^V'ls) 



(V'+Cs)) VKP 



(V;+(s)) 

1 (5 

2SiP{s) 

1 J 

2(5V'(s)y V2<5V'(s) 

S 



WP 



1 



VFP 



1 5 



2(5V'+(s 
1 (5 



2(5?A+(s 
1 (5 



+3 / ds 
+9 / c?s 
+3 / ds 
+9 / c?s 
+g dsl- 

+9 / rfs (- 
+9 I ds(- 
+9 / c?s ( - 



6 \ 


<5(/>+(s)y 
(5 ^^ 


S(f>+{s)) 
6 \ 


S(f>+{s)) 
6 \ 


5(t)+{s)) 
d \ 


S4>+(s)) 

5 \ 


Scf,+ (s)) 
6 \ 


S4>+(s)) 
s \ 


Scf,+ (s)) 



2 6iP+{s 
(^(s) 

(^(s) 



(v^s; 



{ij+{s)) {ij+{s))WP 

1 s 



(^+(«)) {I 



1 s 



2 Si;{s) 
1 6 



, T4^P 

(5V(s) 

{■ip+{s))WP 
1 ,5 



2(5V'(s)y V2i5V'(s) 
(?A+(s)) (?A+(s)) W^P 



VFP 



2 (5?A(s) 



(?A+(s)) VKP 



(V.+ (s)) 

1 5 

2(5?A(s) 

1 (5 

2 5^{s)) \2 5il;{s) 
6 



WP 



1 



VKP 



1 

'2Ji/>+(s) 

1 (5 
"2(5V'+(s) 

1 (5 
'2(5V'+(s)y' V2<5V'(s) 

1 S \ /I S 



(^/.+ (s)) (V'+ls)) VKP 
(5 



(^^(s)) {I 



1 



2(5V'+(s)y VS-^V'ls)/ V 2 (5^(8) 



, WP 
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(V'+(s))VKP 

1 s 



WP 
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Collecting terms gives 

W^P[V'(r),V'+(r),0(r),0+(r)]i_8 
= gJds{{i:{s)){i:{s)){i,+ {s)){<f>+{s))}WP SI 

+.gm|(^(s))(^(s)) {^) (0+(s))|t4-P S2 
-5/dsi|(^(s)) (^^) (^+(s)) (0+(s))}t^P S3 

^^/^4 { (#^) ^^^'^^ (^^^'^^ (0+(s))} W^P ^5 



+ff 



(E.148) 
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and 



W^P[^(r),V+(r),0(r),0+(r)]9_24 



+.9 / ds 
+9 / ds 



-g I ds{{4) 

1 
2 
1 
2 

ds- 
4 

-5 / (^s- 



ds- 

4 



ds- 
4 

ds- 



'9 
-9 
-9 

-g / ds 
-g / ds 
-5 / ds 
ds 



ds- 
2 

-9 I ds- 



ds- 

4 

ds- 



0)(V(s))(^+(s))(^+(s))}iyP 
5 



(^(s)) (^+(s)) 



5V(s) 



Ws)) f t:^ ) (^-+(8)) K^ 



(V'(s)) 



/^ ^ 



Sijj+is) 
S 



\S^P{s) 

\Si^{s)J \5ij{s) 

{^+{s)) {^+is)) \WP 
S 



(^+(s)) 



S^+{s) 

s \ f s 



Sijj+is); \Si;is) 

s \ f S \ f s 



S9 
WP SIO 
Sll 
WP S12 
SIS 

WP su 

SI 5 
WP S16 



Sip{s) 
(^+(s)) \WP 



>+(s) 
6 



H+{s)J \6i>{s)J \5ij{s) 
(^(s))(V;+(s))(^+(s))Wp S17 
S 



6+(s 
S 



b+{s 
S 



6(t)+{s 
S 



{^(s)) (^+(s)) 

(^(s)) 

(V^(s)) 



Si;{s) 



Si^is) 

s \ / s 



dipis) J \S^p{s 



WP S18 
{i^+{s))\WP S19 
WP S20 



5tl:+{s) 
__S__ 
SiP+is] 

6 
Sil;+{s] 

S 



{ij+{s)){^+{s))\wP S21 
(^+(s)) 



5ij{s) 



WP 



6 \ f 5 



(7/'+(s)) \WP 



S22 



S23 



5tP+{s)J \S7jj{s)J \Si;{s) 



WP S24 
(E.149) 



Again we use the product rule (|E.319I) together with (|E.320p and (|E.321|) to 
place all the functional derivatives on the left. 
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For the S'^TIS term 



dsl|(^(s))(^(s))(^^)(<^+(s))|T4^P 
c?s i I (^-g^) W(s)^(s)0+(s)}| WP 
- /"dsi{2,5c(s,s)^(s)0+(s)}VKP 



For the S3T19 term 



'^^l^^^')) {wkI ^^^^'^^ (^^(«))}^^ 



"^41 iwis) ) W(«)^^(«)<^^(«)'^} (> ^^ 



For the 5^X20 term 



ds-i(tp(s))(—^] (-^\u+(s))\wP 
rfs i ( { f, , ^ (V'(s)) f -4-T^ ('/'^(s)) 1 VKP 



For the 55X21 term 



2 tV'5V'+(s 
For the 5'6T22 term 



^^4 I f TTTTt) W(s)^+(s)0+(s)}1 WP 






For the 57X23 term 



*i{(5?^)(5*^)<*'<'»<*''^»}"'^ 
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For the 5,5X24 term 

For the S10T2 term 

5 



dsl|(0(s))(^(s))(^+(s)) 



WP 



d^l[ (^) {0(s)^(s)^+(s)} - {fc(s,s)^(s)^+(s)}| WP 

- J ds^{6c{s,s)<Pis)^P+{s)}WP 
For the ^^iTS term 

■dsi|(0(s))(^(s))(^^)(^+(s))|w^P 

- j ds]^{5c{^,s)<p{s)^+{s)}WP 



For the 5'^^T4 term 
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For the S13T5 term 



For the SI4T6 term 



For the 5^5X7 term 



*i{**'^"(sF(i))(*4))<*'<^"}"''' 

For the 5'i6T8 term 

For the 5^7X9 term 

/"^'{{wKI ^^('^^ (^^(')) (V.+ (s))}t4^P 

For the S18T10 term 
For the ^iPTll term 
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For the 5^0X12 term 



/*i(s^){(#b)«=»(Mi))}"'^ 



For the 5^^X13 terra 



j {V'+(s)^+(s)}It4^P 



■ , 1 r/ (5 \ / 6 
as 



2 \V'^'/'+(s)/ V'5V'+(s) 
For the S22TU terra 



4 iV'50+(s)/ V'5^+(s)/ V#(s) 

^4 l( T47:,)(,ri7^)(T^ ]{**(")} \»'P 



4 \V'^<^+(s)/ V'^^+(s)/ V'5V'(s) 
For the 5^5X15 term 



'4 U^0+(^j l^^^j [iW) 
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Substituting these results gives 

W'P[7^(r),V+(r),0(r),^+(r)]i_8 
= g ds {V'(s)V'(s)V'+(s)0+(s)} WP 

1 r/ s 



Gl 



+9 / ds 



{ip{s)'iP{s)(l)+{s)}\WP G2.1 
G2.2 



2 lV<5V'(s), 
-g j ds]^{25c{s,s)^{s)<i>+{s)]WP 

{^{s)tl;+{s)<P+{s)}\WP G3 
S 



-'J 


f ds- 


-'J 


fdsl 

4 


+9) 


fds'- 

4 


-'J 


fdsl 


-'1 


fd.'- 

4 


^'J 


fd.l 

4 


+9 1 


fds'- 
4 



+9 I ds- 



S 



S 



5 



S 



6 



S 



(5V'+(s) 
S 



Si;+{s[ 



{Sc{s,s)cf>+{s)}\wP G12 



G5 



{iP{s)i;+{s)(j)+{s)}}WP 
6 



{^P{s)(t)+{s)}}WP G6.1 



(SV'(s) 
{(5c(s,s)</)+(s)} J.VKP G6.2 
5 



5 \ f 5 



5iIj+{s)J \6ii}{ 



{tlj+{s)(j)+{s)}\WP G7 

{(t>+{s)}\wP G8 



(E.150) 



and 
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T4^P[7^(r),V+(r),</>(r),0+(r)]9_24 

+g [ ds{(j){s)tP{s)tP+{s)tP+{s)}WP[^p,tp+,(f>,(f>+] G9 



^9 I ds^l^ (^ ) {0(s)^(s)^+(s)} \ WP GlO.l 



-g I ds^{Sc{s,sms)ij+is)}WP 



G10.2 



+9Jds\^ (^) {'/'(s)^(s)^+(s)}} WP Gll.l 
~g I ds]-{5c{s, s)(j){s)iP+{s)}WP Gil. 2 

-5/ rfB ^ { [-s^) {'^(s)^+(s)^+(s)}| WP G13 

-ff/rfs I (^^) {^(s)^+(s)^+(s)}| WP G17 

+9 J ds^^l^-^^'j {Sc{s,s)i:+{s)}^WP G18.2 



(E.151) 



Collecting terms with the same order of functional derivatives we have 

WP[ip{r),iP+ {r), (j){r), (t)+ {r)] 
^ WPo + WPi + WP2 + WP3 + WPi (E.152) 

where we have used lower subscripts for the p V^i4 contributions and 

WPo 

= g I ds{i}{s)%l}{s)i}+{s)(t>+{s)]WP Gl 

-g f ds^{25c{s,s)iP{s)(f)+{s)}WP G2.2 
+g f ds{(t>{s)^p{s)i:+{s)tP+{s)}WP G9 
-g f ds^{Sc{s,s)(b{s)i;+{s)}WP G10.2 
-g I ds^{6c{s,s)(f>{s)tP+{s)}WP Gil. 2 
= g f ds{i:{s)tP{s)i:+{s)(f>+{s)}WP[i:,i:+,<j),<j)+] 
+g I ds {(f>{s)tP{s)i:+{s)tP+{s)} WP[^, ?A+, 0, <p+] 
-g I ds {5c(s, s)^(s)0+(s)} WP[^P, V+, 0, 0+] 
-g f ds {Scis, s)0(s)V+(s)}W^P[^, V+, 0, 0+] (E.153) 
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WPi 



{?A(s)V'+(s)(/)+(s)}Wp G3 



ds - 



2 [V'5V'+(s) 

j {<j){s)i:{s)tP+{s)} I VKP GiO.i 

j {<j){s)^P{s)^P+{s)} I VKP Gii.i 



1 r/ (5 



2 lV<5V'(s), 



{</.(s)V'+(s)V'+(s)} Wp Gi5 



-g / ds 



2 [V'5V'+(s; 



GlO.LGll.l 



+5/dsi|(^^^){<5c(s,s)V;+(s)}|vKP G18.2 
+9 1 ds^^(^^^y6c{s,s)xb+is)}^WP G19.2 
+9 j dsi (^^) {0(s)7A(s)^+(s)}| T4^P[V;, V+>, 0+] 
+gJdsU (-^) {^(s)7A(s)0+(s)}| M^P[^, V'^, 0, 0+] G2.1 
-9 JdsU (-^) {0(s)'5c(s, s)}| WP[^, ij+,(f>, 0+] G^^.^ 
-gjds |(^^^) W(s)^+(s)0+(s)}Wp[^>+,0,0^ 

+5ydsi|('-^^i^'){<5c(s,s)0+(s)}Wp[V;,V+,0,0+] G^.^,G6.^ 

■''^/'^^ 1(^0^) {'^c(«'«M^C^)}}^^[^'V'+>,0+] G18.2,G19.2 



G3,G5 



(E.154) 



WP2 



-9 I ds- 



-9 I ds - 



+£ 
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+9 I ds 
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9 I ds 
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SiP+{s) 
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SiPis) 
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s 
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6 
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s 
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{<P{s)ij+{s)}\wP GU 
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S 
SiP+is 
d 



>+(s) 
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6 
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{7A+(s)0+(s)}Wp[^,^+,0,0+] G7 

(E.155) 
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WP. 



g ds- 



g ds- 



ds ■ 



+9 I ds - 



+g I ds- 



= —g ds — 



-9 I ds- 



'd I ds- 



9 ds- 



S^P+is 
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SiP+is 
6 
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(5 
SiHs) 
_5_ 
(5V'(s) 

5 



f ^ 



Sip+{s)J \Si;{s) 
S \ f 6 
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8 [\S^l;{s)J \Si:+{s)J \Si:+{s) 



{(t)+{s)}'>WP G8 
{<l){s)}\wP G16 
{ip{s)}\wP G20.1 
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G8 
(E.156) 



WPa 
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9 / ds- 



6 \ f 6 



8 \\5%l)(s)J \5iIj{s)J \5%l)+(s)J \6(j)+{s) 



WP[i^,i^+,^,<P 



+ A A+^ 



(E.157) 
Now if 
p-^ [Vu,p] 
= [g j ds {%ci^)^l{s) $c(s)$c(s)) + *^(s)$t^(s) $c(s)$Arc(s)) , p] 

(E.158) 
then 



W^P[^(r),^+(r),(^(r),,^+(r)] 

WPt + WPt + WPt + WP^ + WPt 



(E.159) 



where the WP^ are obtained by subtracting the resuhs for 'pVu from those for 

ViAp 
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Collecting terms gives 



WP^ 



g ds {(f>+{s)i:+{s)tP{s)i:{s)}WP + g / ds {?A+(s)^+(s)V'(s)</)(s)} VFP 
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{^P+{s)^P{s)^P{s)}\wP 
{(5c(s,s)7A(s)}Wp 
{i:{s)tP+{s)tP+{s)}\wP 
{dc{s,s)ij+{s)}]wP 



(E.160) 



(E.161) 
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wp:^ 
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-g / ds 
-g / ds 
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-9 I ds- 
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SiP+is 
5 
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{V'+(s)?A+(s)}Wp 

{tP{s)(f>+{s)}\wP 
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Collecting all the terms gives 

T 



WP^ 



(E.162) 
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-■'/''4{(55^)(i;^)(j^n*^w'f-^ 



,ir/ S \/ 6 \ / 6 

as — 



A\\SiP+is)J \SiP+is)J V<50(s) 



{ip+{s)}\wP 






Collecting the terms gives 



WP} 
—g ds — 



55^) (l^) (5^) <*"<=»} "'^ 
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1 f / (5 \ / (5 \ 




WP 


'8 iU^+(s)y Uv'+(s)y 

If/ (5 \ / 5 \ / 


WP 

(E.164) 


V'+(s); ^<50+(s);i 



Thus we see that the Vu term produces functional derivatives of orders 
one, two, three and four. We may write the contributions to the functional 
Fokker-Planck equation in the form 



(yvP[i^A^A,4>' 



VIA 



dt J VIA \9t /VIA 

/o \ "^ / P) '^ ^ 

+ i-Q-WPii,, V+, 0, 0+] j + f ^^^[V-. V'^, '/', 0+] 



(E.165) 
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where 



-WP[i^,i^+,^,^^ 
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-g / ds 
-g / ds 



-g / ds 
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-j-\+g \ ds 
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{^+(s)7A+(s),/.(s)}| WPiij, V+>, 
{0+(s)Jc(s, s)} Wp[V^, 7A+, 0, 0+] 
{2^+(s)V(s)0(s)}| W^P[V, ^+, ^, ^+ 
{0+(s)V'(s)V(s)}Wp[V^,^+,0,0 

{V;+(s)^(s)7A(s)} Wp[^>+, 0, 



(5 



.50+ (s) 
(5 



{<5c(s,s)V'(s)} VKP[^>+,0,0^ 
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^^+(g^ ,{<5c(s,s)V^+(s)}Wp[V;,V'+,0,0+: 



(E.166) 



207 



wp[^>+,0,0 
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+9 / ds 
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s 
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,^,.(,);V^^-^)^^^"^^)^"^^»^^^[^'^"'^'^' 
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WP[xp,ip+,(f>,(f)+' 



g / ds 
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(5V'+(s) 
S 
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(E.168) 






b+{s)J '8 



(E.169) 
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Reverting to the original notation we have 



d 



-P[^(r),V^(r)] 



V14 






-i ( r . ( / s 

-i ( f , U 5 



-i ( f . U 5 



h 



^/^^{{■S^) {[V'c(s)Vc(s)]^+c(s)}}i^[^(r),V^(r)]| 



S_ 

n [ "J ^" [\Si^^c(s)J --0'V"/--V". ..,^,^,j..,^,jj . ,:^v-/,^ 



-9 I ds\( ,^,___,^, ) {[^+(s)^c(s)-<5c(s,s)]^c(s)} ^P[V;(r),^:(r)] 






— {+9lds\[ ,,,+ ,_, ) {[V'c(s)^+(s) - <5c(s,s)]^+(s)} ^P[^^(r),^:(r)] 



(E.170) 



^P[^(r),V^(r)] 
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V^14 



— 2 

— 2 



.9 /"rf^fT-A-T) (^^T^) Wc(s)^J(s)}lp[^(r),^:(r)] 



ftr-v"nV'^^c(s)A^^^c(s)/'"'^''"^ 



—I 



S \ (I 



TJ+'y * USSJWJ l#^J |5fc(s,s)J^P|*W.*:Ml 



t{-'/* {(«^) (j^b)) {5^^'<-)}}"'i"'-^<"i 

^{-■'/* {(4(s) (^) (5'"S<^)-JW)}^[iW'Swi 

(E.171) 
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-P[^(r),V^(r)] 



i<-9lds 



—I 



h 
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g / ds 



+g / ds 
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s 
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s 
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-P[^(r),V^(r)] 



V14 



ft 



ft 



g / ds 



5^'^{s)J \5^'^{s)J \Sipcis)J \SipNc{s) 



g / ds 
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Appendix E.7.2. Second Order Term 



{-}|P[^(r),V^(r)] 

{i}|p[^(r),^(r)] 
(E.173) 



Vi2 = -gl / drdsP(r,s)*wc(r)^*c(s)-5 / / dr (isP*(s, r)^c(r)^*wc(s) 

(E.174) 



Now if 



P^Vi2P^ / /"(is(iu($wc(s)tAy(s,u)$c(u) + $c(s)tAy(u,s)*$Arc(u))p 

(E.175) 
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where we write Ay(s, u) = — gF(s, u) for short, then 

WP[ip{r),ij+{r),(t){r),(j)+{r)] 

ds du I ("^+(8) - ^m) AV(U, S)* ((/)(U))| W^P[^, 7A+, 0, 0+] 

(E.176) 
Expanding we get 

WP[i;{r),ij+{r),(l){r), (j)+{r)] 

dsdu {{<j)+{s))AV{s,u){tP{u))} VKP[?A,V'+,0,0+] 



-> 



dsdu |('^') Ay(s,u)(V(u))| W^P[^,^+,0,0+] 

dsdu {(V'+(s)) AF(u,s)*((/)(u))} VKP[V',V'+, '/>,'/>+] 

ds du i I ('^') Ay(u, s)* (0(u)) WpIV', ^+, ^, ^+] 

(E.177) 
The first term is 

dsdu {(</.+ (s)) AF(s,u)(V'(u))} WP[^p,tp+,<j),<j)+] 

dsdu {(?A(u))AF(s,u)(</>+(s))} WP[^p,tp+,<j),<j)+] 

(E.178) 
Using the product rule and the second term becomes 

dsduU{4>+{s)) AV{s,u) (^-^)\ WP[^,i^+,<t>,<l>^] 



dsduUf^-^){AV{s,u)c^+{s))\WP[ij,i:+A,'P+] 



(E.179) 
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The third term is 

dsdu|('^')Ay(s,u)(^(u))| WP{^,i;+,<P,<P+] 

dsduif-^) (Ay(s,u)^(u))| WPi^P,^+AA+] 

(E.180) 

Using the result that the functional derivatives can be performed in either 
order the fourth term is 

(E.181) 
Combining these results we find that 

WPmr),ip+{r),4>{r),<P+{r)] 

dsdu{(P+{s)AV{s, u) ?A(u)} WP[tl;, tl;+,(j), </)+] 

dsduU(--^^\{AV{s,u)c^+{s)}\ WP[^P,i,+ ,(f>,(f>+] 

dsduU-^^ {At/(s,u)^(u)}| WP[i;,i^+,cf,,cf,+] 

+ I I dsdu{tP+{s)AV{u,sy<l){u)} VFP[V',^+,0,0+] 

(E.182) 
Now if 

= /" /"dsdup(*Nc(s)^AV(s,u)$c(u) + $c(s)^AV(u,s)**Nc(u)) 

(E.183) 
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then 

WP[ip{r),i;+{r),(t){r),(j)+{r)] 



ds I ("^(u) - l^^i;^) AV(s, u) (^+(s)) I WPi^p, V+, </>, </>+] 

/^s {(^(u)-^) AV(u,sr (^^(s) + ^^)} ^m^-,0,0 



(E.184) 



Expanding out gives 

M^P[V(r),V'+(r),0(r),0+(r)] 

dsdu {(V'(u))AV(s,u)(</.+ (s))} WP[^p,'il;+, (/),(!)+] 

dsduU (^^^) AV(s, u) {(P+{s)) I T4^P[V;, 7A+, 0, 0+] 

dsdu {((/)(u)) AV(u,s)*(V'+(s))} T4^P[i/;, V-^, 0, 0+] 

ds du i I (0(u)) AV(u, s)* (^^) } WP[i>, 7/-+, 0, 0+] 

dsdu I (j^^) AV(u, s)* (7A+(s)) I WP[^, V+, 0, 0+] 

^^ ^" H (wh) ^'^^"' ^^* (^) } ^''^^' ^'' ^' ^'^ 

Using a similar approach to that above we find that 
-^ f f dsdu {7/'(u)AV(s,u)</)+(s)} WP[^p,^p+,(f>,(f>+] 

-yydsdui|('-^^i^'){Av(s,u)0+(s)}Wp[^>+,0,0+] 

+ I I dsdu {(/)(u)AV(u,s)*V'+(s)} VFP[7/',^+,0,0+] 

rfs du i I (^^) {0(u) AV(u, s)*}| WP[i,, i,+ ,ct>, 0+] 
dsdu I ('^^^') {AV(u,s)*7/^+(s)}| W^P[7^,V+,0,0+] 

(E.185) 
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Now if 

P^ [yi2,P\ 

dsdu(*Nc(s)^AV(s,u)$c(u) + *c(s)tAV(u,s)**Nc(u)),p] 

(E.186) 



then 



H^P[V(r),V+(r),0(r),0+(r)] 

I I dsdu{(P+{s)AV{s,u)ij{u)} WP 

- I I dsdu {7/;(u)AV(s,u)(/)+(s)} WP 

dsdujl'^') {AT/(s,u)^(u)}| WP 

ds du I (j^^) {AV(u, s)* ^+(s)}| WP 

+ / I dsdu{^p+{s)AV{u,sy (t>{u)} WP 

- I I dsdu {(/)(u)AV(u,s)* V+(s)} WP 



(E.187) 
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W^P[^(r),V+(r),0(r),0+(r)] 
<5 



dsdu 
dsdu 
dsdu 
dsdu 
dsdu 
dsdu 



(5V'+(u) 
S 

s 

6<f>{s) 
5 



{AT/(s,u)0+(s)}| M^P[^>+,0,0+] 
{AT/(u,s)*0(u)}| WP[^,^+,(f>,(t>+] 
{AF(s,u)V'(u)}| WP[^p,tp+,(f),(f>+] 



S(t)+{u) 

s \ f s 



{AV{u,s)*iP+{s)})- WPiij^ip 



S \ f 5 



+ {u)J \6ip{s) 



{^Ay(s,u)}| w^p[^,v+,0,0+] 

{iAV(u,s)*}Wp[7^,V+,0,0+] 

(E.188) 



Thus we see that the T^i2 term produces functional derivatives of orders 
one and two. We may write the contributions to the functional Fokker-Planck 
equation in the form 



VKP[v>+,^,</> 



yi2 

1 



§-WP[^, ^+,0, (f>+]] + (§-WP[yj, ^+,0, 0+] 



(E.189) 



where 



WP[xp,'(p+,(f>,(f>-^ 
dsdu 
dsdu 



yi2 



S 



—I 
li 



-^M / dsdu 



(5?A+(u) 
/ S 



6 



-(u) 



{At/(s,u)0+(s)}| WP[ij,i:+,<PA^ 
{AT/(u,s)*0(u)}| WP[^P,i,+ ,(f>,(t>+', 
{AV(u,s)*V+(s)}| WP[^p,il;+,(f),(f>+ 






dsdu 



(s) 



{AF(s,u)V'(u)}^ VFP[V',V' 



(E.190) 
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3 ^ ^ 

at , y^2 



—I 



//'^^'^"{(^) (;5^){^^^(^'"»} ^^[^'^"'^'^"]} 



-* I / / . , \ f 6 \ f S \ ,1,,,,.. _,,, , „,^,^,_ ,_+ , ,+, 



(E.191) 

For the single condensate mode case the result is simpler and can be obtained 
via the substitution Ay(s,u) = Ay(s)(5(u-s) with Ay(s) = -p /$c(s)'''$c(s) 
and is given by 



r) \^ 

dt ) y 



yi2 

^{V'^ {(^) ^^^^^ ^^[^'^"'^'^' 

^|+|ds |(^^^^ {AT/^+(s)}| W^P[^,^+,0,0+: 

(E.192) 



or / y^2 

-« I / , I /' () \ / (5 
as 



{iAy}| W^P[^,V+,0,0+] 



*f, f 1- i f ^ \ f ^ \ r^ A tr^ [ Jiml ) /+^ ^ + 1 



(E.193) 
Reverting to the original notation and replacing AV^(s, u) = —gF{s, u) we 
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have for the two mode condensate case 

+ ^ {+5/ / rfs rfu I (^^) {^(u, s)* V^Arc(u)}| P[^(r), ^(r)] 

(E.194) 
(|p[«W,V4(r)l)'_^ 

= t{+-'//*''"{(5^) (5*£(i)) f5^<^-'>} ^liW-SWl 

(E.195) 



B I -■'/ / "^"Ml^wi) J Isrtawi f^"*-'"! ^iiW'*:<'> 



For the case of the single mode condensate with Ay(s) = —g ( '^ci^Y'^cis] 

-if /■ . r / s 



.9/rfs {(^^) {($c(s)t$c(s)) ^Arc(s)}| P[^(r),V^(r)]| 



(E.196) 
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|p[V'(r),V^(r)]' 






(E.197) 



We can show using the special form of F{v, s) for a single mode condensate, 
that the Fokker-Planck equation terms for V12 can be obtained from the two 
mode case. We have 

i^(r,s) = (TV- l)c/.*(r)0i(r)^i(r)^t(s) (E.198) 

we can use the forms (JE.315P for the functional derivatives involving the expan- 
sion coefficients 

d S , , . d 



X I t \ = 'l^*(^)^r~ 77+7T = '^i(^)a + 
otpc{s) aai oip^{s) da{ 

Si^Ncis) fr{ dak Si^Nci^) S^ d. 



+ 



fc^l ""« ^VNCK'-l fe^i ""fc 



P[^(r),^*(r)] = Pb{B,.%) (E.199) 



^f — > 
to show that this is the case 
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Considering the first order functional derivative terms we see that 



d 



yi2 



-P[^(r),V^(r)] 



+ y \ ~9J J dsdu <j I ^0,(u)^ J {(iV- l)0i(u)0*(u)0t(u)0i(s)^^(s)} ^ ^(4,0;, 



-I 

-9 



dsdul |^0*(s)-^| {(7V-l)0t(s)0i(s)^i(s)0*(u)^c(u)}^P6(4,< 



.fe/1 ^"* 



.9 / c^s 



+ Y {+5/ '^^ { i^*^''^^) ^(^ " l)0l(u)0t(u) ^Arc(u)}| Pb{^^,q^) 



-I 



h 






{(7V-l),/.i(u)0*(u)a+0*(u)} ^ Pb(^,a;) 



^|-5y"ds |(^^^) {($c(s)^*c(s)) ^+c,(s)}| P[^(r),V^(r)]| 

+ ^{-.9/ d^ {(^) {(*c(s)t$c(s)) ^J(s)}} P[^(r),^(r)] 

+ T 1+''/'^" {(^V^^) i(*c(^)^^C7(s)) V'cCs)}! P[^(r),V^(r)]| (E.200) 
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which is the same as the single mode condensate result. We have used the 
results 



du0i(u)0t(u) = / dsM^Wiis) =1 
in the first and second terms and 

/ ds(l)i{s)'ip^,{s) = af 
du0i(u) V'c(u) = ai 



in the third and fourth terms, changed dummies of integration and recalled the 
notation /$c(s)1'$c(s)) = (A^ - 1) |(/'i(s)|^ 

For the second order functional derivative terms 

= ^l+g 1 1 dsduU(^Mn)^^ l^</)Us)^J{(7V-lM(s)'/'i(s)0i(s)0i(u)}[n(4,a;) 
:^)-gl JdsduU (-^tls)^) [T.M^)^] {{N~l)MnWi{n)<f>U^)M^)}\Ptia^,q^) 



,a^j 






{+'/*H(4w) (*^) f(«-w'*-<=>>>} ^I*c^)-V4c^)i 



which is the same as the single condensate result. Again the results J (iu(/)i(u)(/)|(u) = J(is0i(s)(/)*(s ) =1 
are used. 
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Appendix E.8. Condensate - Non-Condensate Interaction - Second Order in 
Non- Condensate 

The second order terra in the interaction between the condensate and the 
non-condensate is 

V2 = I / (is{$Arc(s)^$Arc(s)^$c(s)$c(s) + $c(s)^$c(s)^$Wc(s)$Wc(s) 

+4$7vc(s)^$c(s)^$7vc(s)$c(s)} 

(E.202) 

This term is due to the boson-boson interaction. 
Now if 

p ^ V2P 

= I / ds{^Nc{sy^Nc{sy^c{s)^c{s) + $c(s)^$c(s)^$Arc(s)$Arc(s))p 



then 



-| / ds(4$Arc(s)^*c(s)^$Arc(s)$c(s))P 



WP[xp{r),'iP+{r), 0(r), </-+(r)] 



(E.203) 



+ f/^s(^+(s)-i^)(^^(s)-l^)Ws)) 

x(0(s))T4^P[7/^>+,0,0+] 



(E.204) 



Expanding gives 

W^P[V(r),V'+(r),0(r),0+(r)] 

= WP[^P, ^+,CJ), ,/)+]i_i6 + WP[tl^, ^P+,(b, ./)+]l7-20 + WP[iP, V+, 0, 0+]2 



1-^28 

(E.205) 
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(E.206) 
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M^P[V'(r),V+(r),0(r),0+(r)]i7-2o 



ds{i^+{s)){i^+{s)){^{s)){^{s))WP 



-f/cis(^-(s))(-i 



1 S 



(0(s))(0(s))VKP 



+ -lds 



-|/ds 



WP['ip{r),iP^ 



1 S 



2 JV'ls) 
1 (5 



(^+(s))(0(s))(,/.(s))VKP 
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2Si:{s)J^^^^^^[2W¥) 
(7/^+(s))(0(s))(^(s))W^P 

(^+(s))(0(s))^^ ^ 



2SiP+{s) 
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2 S^Pis) 
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'2Si;{s) 



{^{s)){^{s))WP 



2 6iP+{s) 



(E.207) 



WP 



(E.208) 
The functional derivatives are now placed on the left using results in which the 
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functional derivatives of differing fields are zero (see (jE.320[) and (jE.32fp 'l giving 



V^P[^(r),V+(r),0(r),0+(r)]i_i6 



Tl 



+9 / ds 


' 5 

,6^+{s) 


+9 / ds 


' S 


M+{s) 


+9 / ds 


' s 


M^i^) 


-g / ds 


' 6 \ 

J<j){s)) 


-.9 / ds 
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-g / ds 




-9 / ds 




-9 / ds 


,<50(s)j 


-9 / ds 


,(50(s)y 


-9 / ds 




-9 / ds 


,<50(s)j 


+9 / ds 


,8^{s)) 


+9 / o's 




+9 / rfs 


J^s)) 


+5 / ds 


JHs)J 



{^cP+is)(t)+{s)i;is)}WP 
{^c^+{s)cf,+ {s)ij{s)}WP 
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T3 



s)JK6^^^y^^^'^^^^^^'^'' 
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{-0+(s)V'(s)V(s)}W^P 
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^){\^^i^)m}WP T6 



^){i0-(s)V.(s)}W 



T7 



Sip+is)J \Sip+{s) 



{-(j)+{s)}WP 
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{-<!,+ {s)i,{s)^j{s)}WP 
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^^{^im^mp Tio 

^){i0+(s)^(s)}H^P Til 
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64>{s)) W+{s)J {Si;+{s)Jh^ 

(E.209) 
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W^P[^(r),V+(r),0(r),0+(r)]i7_2o 

+9 I ds{-tP+{s)^+{s)(t){s)<P{s)}WP Til 

-gjds (^) {i^+(s)0(s)0(s)}W^P T18 

-gjds (^) {i^+(s)0(s)^(s)}W^P T19 



W^P[^(r),V'+(r),0(r),0+(r)]2i-28 

+g f ds{2(j)+{s)tP+{s)(f>{s)tP{s)}WP T21 



(E.210) 



-g I ds{(f>+{s)Sc{s,s)(f){s)}WP T22.2 
-9 j ds [j^}j {0+(s)0(s)^(s)}W^P T^5 

-9 j ds ij^^ {2^+(s)0(s)^(s)}W^P r^5 

+3 / ^s ( 7T7T ) ( T7TT ) {'/'(s)V'(s)}VFP r^7 



S(j){s)) \5iIj{s) 

-» ' * 1 4)) (lib) ynFii '5*''""''' ^"^ 



(E.211) 
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The two terms that needed extra treatment are 
2.9 /ds(0+(s))(^+(s))(0(s))fl ^ 



2Sij+{s) 



WP 



T22 



9 / ds 



ds\{c^+{s)) 
S 



(^+(s))(0(s))-(<5c(s,s)0(s)) 



6ij+{s) 



{<j)+ {s)tP+ {s)<j){s)} }WP 



WP 



^glds{^+{s)Scis,s)^{s)}WP 
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~2g / ds 
-g / ds 
— g / ds 
+g / ds 



)j(V.-(s))Ws))(^-^^;^ 



6 



5i>+is 
{Sc{s,s)(f>{s)}}WP 



WP T26 

(^+(s))(0(s))-,5c(s,s)0(s) 
{^+{s)<P{s)}\wP 



WP 



Collecting terms with the same order of functional derivatives we have 

(E.212) 



WP[i}}{r),'il)+{Y),(j){v),(j)+{Y)] 

WP° + WP^ + WP^ + WP^ + WP* 



where we have used upper subscripts for the V2P contributions and 

WP" 

= g I ds{^^+{s)4>+is)ij{s)^P{s)}WP Tl 

+g I ds{]-^+{s)^+{s)(l){s)<i){s)}WP Til 
+g I ds{2(l)+{s)^+{s)<P{s)^{s)}WP T21 
-g I ds{<i)+{s)5c{s,s)<i){s)]WP T22.2 



(E.213) 
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-g I ds 
ds 



+^/^' (wis)) {l^^(^)^^i^)^(^)}WP 

-gjds (^-^^ {i,/.+ (s)V'(s)V(s)}W^P 
-gj ds (^J^) {i^+(s)^(s)0(s)}W^P 
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-9 / c^s 
+3 / ds 
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+3 / ds 
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(E.217) 



I / dsp($Arc(s)t$Arc(s)t$c(s)$c(s) + $c(s)t$c(s)^*Arc(s)$Arc(s)) 
dsp(4$Arc(s)t$c(s)^$Arc(s)$c(s)) (E.218) 
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then 



WP[ip{r),-iP+{r),(t){r),(j)+{r)] 

X (</>+(s)) WP 

' ''- ' ^'-' * ' ^'-' * ' V (s) + 



■ JdsUis) 



2 J V '^'/>+(s)/ V i5'/>+(s)y V^ ' ' 2(5V'(s) 



+2g j dsU{s)-]^-^ 



' ^^'i^)-Y:LrM^n^)+' ' 



25il)+{s)J V <50+(s)y \^^ ^ ^ ' 2(5V'(s), 

X (</-+(s)) M^P[V', V'^, </), 0+] (E.219) 

Expanding this result gives 

W^P[V'(r),V+(r),0(r),0+(r)] 

= W^PiV', V+, '/', '/'+]l-4 + W^PiV-, V-^, 0, 0+]5-2O + W^PiV-, V-^, 0, 0+]21-28 

(E.220) 



where 



I f ds (V^s)) (^(s)) (0+(s)) (</)+(s)) W-P 






(E.221) 
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, 9 
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ds((/.(s))((/.(s))(^+(s))(^+(s))W^P 



WP 



+ f/.s(0(s))(0(s))(^+(s))(i^) 

+ |/ds(<^(s))(<^(s)) Q^) (^+(s))T4^P 
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/ 
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/ 
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/ 
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/ 
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\ 
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(0(s)) (^+(s)) (^+(s)) WP 

WP 



(0(s))(^+(s))(l ^ 
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WP 



S(f)+{s) 

5 
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W^P[V',V+,</>,^+]21-28 

+2gjds{^{s)){cb{s)){^+{s)){^+{s))WP 
+2./^sWs))(-^)(i^)(,^(s))W 

-^^/^<4^) (-^) G^) (^^(^))^^ 



(E.223) 

The functional derivatives are now placed on the left using results in which the 
functional derivatives of differing fields are zero (see (|E.320p and (|E.32f|l ) giving 

ds{^il;{s)ij{s)(P+{s)(j>+{s)}WP Ul 
-glds(^^^y^i,{s)<j,+ is)^+is)}WP U2 
-gjds(^-^-^'j{^yj{s)c^+{s)cf,+ {s)}WP US 

(E.224) 



232 



+5 I ds{-(f,{s)<l){s)i:+{s)tP+{s)}WP 
+9 / ds 



U5 



+S / ds 
+9 / ds 
-g j ds 
-g / ds 
—g / ds 
—g / ds 
-g / ds 
-g / ds 
-g j ds 
-g j ds 
+9 / ds 
+9 / ds 
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+9 / c?s 
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5ct>+{s)l^2^^^^^^^^^^^ f^^7 
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+g f ds{2tP{s)(f>{s)tP+{s)<j)+{s)}WP U21 
6 



9 / ds 



g f ds{6cis,s)^{s)<l)+{s)}WP 



{'ip{s)(l){s)(f)+{s)}WP U22.1 



U22.2 



-g / ds 
— g / ds 
+9 / ds 
-g / ds 
—g I ds 
+9 / ds 
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' ^ {tl;{s)(f)+{s)}WP U24.1 

U24.2 



\SiP{s) 
{Sc{s,s)c^+{s)}WP 



{0(s)?A+(s)(/)+(s)}VFP U25 



{ij+{s)4>+{s)}WP U27 



(50+ (s 
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.,s,yv**i))'^*'"""'^ 
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The two terms that needed extra treatment are 

'1 6 



2g I ds(V'(s))(0(s)) 
/ S 



{4>+is))WP U22 



g ds 
g ds 



ysipis) 



2 (5?A(s) 
[7A(s)0(s)0+(s)] -fc(s,s) [0(s)0+(s)] \WP 



and 



2gy ^8(^^(8)) 
= -9 ds 
= —g / ds 



{ip{s)(f>{s)(j)+{s)}WP-g / ds{(5c(s,s)0(s)<?!>+(s)}VFP 



1 (5 



S<j)+is)J \2 5i:{s) 
S \ ( / 5 



-{s))WP U24 



5<j)+{s)J {\di:{s 
S \ f 6 



ms)<f>+{s)]-Sc{s,s)[<f>+{s)]\WP 



{ij{s)(P+(s)}WP + g / ds 



^+{s)J \Sij{s)J '""-"'^ '"""^ ' ^ J '^"\5(t>+{s) 
Collecting terms with the same order of functional derivatives we have 

-^ WPo + WPi + WP2 + WPz + WPi (E.227) 



{5c{s,s)c^+{s)}WP 
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where we have used lower subscripts for the p V2Contributions and 

WPq 
= 9 I ds{]-tp{s)iP{s)(l)+{s)<P+{s)}WP Ul 

+g f ds{^<j){s)(f){s)tP+{s)i:+{s)}WP U5 



g / ds{2t(;{s)(f){s)tP+{s)(f>+{s)}WP U21 
g I ds{6c{s,s)(f){s)<j)+{s)}WP U22.2 



(E.228) 
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WPi 
-.9 
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ds 
ds 
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{(j}{s)tl)+{s)(j)+{s)}WP U25 
{-(t){s)(f){s)ij+{s)}WP U6,U7 
{i;{s)(l){s)(j)+{s)}WP U22.1 
{2iP{s)il;+{s)(l}+{s)}WP U23 
{(t>{s)ij+{s)i}}+{s)}WP U9,U13 
{(5c(s,s)(/)+(s)}WP U24.2 
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WP2 

+g / ds 



ds 
~g I ds 
—g / ds 

— g / ds 
—g / ds 
+.9 / ds 

— g / ds 
-g / ds 
+.9 / ds 
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—g / ds 
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Ull 
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Vi' f3 
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^ ds 
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S 



t>+{s 
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Sipls) J \S-)p{s) 

Sij{s)J Wis)) ^8 
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{-Hs)}WP 



{-(l}{s)}WP 
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S<j)+{s 



U28 
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Stpis) 

^ ^ ^ ^ ^ {y+(s)}WP 



(s); \6^+is) 



U28 

U18,U19 
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g / ds 



f 5 \ f 5 



Now if 

P -^ [^2, P] 



then 



\(5V'(s)/ \5%l){s) 



..r«wyA;;^){>^ ^'0 



is) J \54>+{s) 



(E.232) 



ds($Arc(s)t$Arc(s)t$c(s)*c(s) + $c(s)'f $c(s)^$wc(s)$wc(s)), p] 



[| / ds(4*Arc(s)t$c(s)%Arc(s)*c(s)),p] 



T4^P[V'(r),V'+(r),0(r),0+(r)] 

wp^ + wp^ + wp:^ + wp^ + wp^ 



(E.233) 



(E.234) 



where the WP^ are obtained by subtracting the results for 'pV2 from those for 
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V2 p. We find that 



WPt 



ds{i(/)+(s)</-+(s)V'(s)V'(s)}VKP Tl 

-g I ds{^i:{s)tP{s)(f>+{s)<j)+{s)}WP Ul 

+g I ds{]-^+{s)^+{s)(l){s)<i){s)}WP Til 

-g I ds{-(f){s)<l){s)i:+{s)tP+{s)}WP U5 

+g f ds{2(f)+{s)i:+{s)<j){s)i:{s)}WP T21 

~g I ds{2^{s)<P{s)^+{s)<P+{s)}WP U21 

-g f ds{<l)+{s)Sc{s,s)<l){s)}WP T22.2 
+g I ds{Sc{s,s)(f){s)<j)+{s)}WP U22.2 
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+9 / ds 



Sip+is 
S 



SiP+{s] 
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After collecting together similar terms we get 

= +gJds(—^\{<l)+{s)(l)+{s)^is)}WP T2,T3,U2,U3 

+9 fds ( .1(. ) {2(f>+{s)i^+{s)(f>{s)}WP T22.1,U25 

-gjds (-^) {iJ+{s)Hs)4>mWP T18,T19,U6,U7 

-9 f ds f i-^T I {2<j)+(s)<j)(sU(s)}WP T23,U22.1 
■ J \Sip{s)J 

+9jds (-^^r^) {2^(s)7A+(s)0+(s)}W^P U23 

+9 j ds ij^yj {0(s)^+(s)V'+(s)}W^P U9,U13 

-gjds (^^^) {Sc{s,s)(f>+{s)}WP U212 

-9 1 ds (-^) {2^P+{s)Hsms)}WP T25 

-9lds(^-^^{^+is)^{s)^Pis)}WP T5,T9 

+9 J ds (^^) {'5c(s, s)cf>{s)}WP T26.2 

= +9 j ds i-^^^ {[(/)+ (s)V'(s) + 2V^+(s)0(s)]0+(s)}W^P 

-9 j ds(-^^ms)i^+{s) + 2i:{s)^+{s)]cj,{s)}WP 

+9 j ds ij^yj {[2^(s)^+(s) - 5c{s,s)]^+(s) + [i,+ {s)i;+ (sMs)}W P 

ds (^) {[2i>+{s)^{s) - Sc{s, s)]0(s) + ms)^{s)]^+{s)}WP 

(E.236) 
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-"/* (iwjy) (j^) iwi^) iih) '>*'^ "*" 

(E.239) 

Thus we see that the V2 term produces functional derivatives of orders one, 
two, three and four. We may write the contributions to the functional Fokker- 
Planck equation in the form 

^WP[^,^+,cf>,(f>+] 
+ (^^^[V^' ^-+,0, 0+]) + (^^^[V'> V-^, 0, 0+]) (E.240) 
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where on reverting to the original notation 
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Appendix E.9. Condensate - Non- Condensate Interaction - Third Order in Non- 
Condendate 
For the Bogoliubov Hamiltonian for which we derive the functional Fokker- 
Planck equation the term V3 is discarded, but for completeness we treat it here. 
The third order term in the interaction between the condensate and the non- 
condensate is 

Va^g ds($jvc(s)^$jvc(s)^$jvc(s)$c(s)) + $c(s)^$Arc(s)^$Arc(s)$Arc(s)) 

(E.245) 

This term is due to the boson-boson interaction. 
Now if 

p ^ Vsp 

= 9 ds{^ Nc{sy^ Nc{sy^ Nc{s)^c{s) + ^c{sV^ Nc{sV^ NC{S)^ Nc{s))p 

(E.246) 
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Expanding gives 
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The functional derivatives are now placed on the left using results in which the 
functional derivatives of differing fields are zero (see (jE.320p and (jE. 321^ 1 giving 
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W^P[V'(r),V'+(r),0(r),^+(r)]9_i2 

+,g f ds{^P+{s)<j)+{s)(f){s)<j){s)}WP V9 



-9 j ds(j^\{i,+ {s)c^{s)cl>{s)}WP VIO 

(E.252) 

Collecting terms with the same order of functional derivatives we have 

W^P[V'(r),V+(r),0(r),0+(r)] 
-^ VKpO + WP^ + WP"^ + WP^ (E.253) 

where we have used upper subscripts for the Vsp contributions and 

WP° 



g / ds{</)+(s)0+(s)</.(s)V'(s)}W^P VI 

+g I ds{^P+{s)(j)+{s)(j){s)<j){s)}WP V9 



(E.254) 
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r 
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r 
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r 
ds 


-w 


r 
ds 



{l<l)+{s)<j)+{s)(j){s)}WP V2 



5i:+{s)J '2 
5 



,5 



m 

s 



(s) 



{(j)+{s)(j){s)ij{s)}WP V3 
{(f)+{s)(j){s)ij{s)}WP V5 
{ij+{s)(j){s)(t){s)}WP VIO 



^ ^ ^ d<p+{s)(f>{sms)}wp Vll 



{l(j)+{s)<j)+{s)(t){s)}WP V2 



6ip+{s)J '2 

^ ^ {l-(f>+{s)(f>{s)<P{s)}WP Vll 



Sij{s)J '2 

' {[2</>+(s)?A(s) + ip+{s)(j){s)](l){s)}WP V3, V5, VIO 

(E.255) 
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(E.256) 

(E.257) 
Now if 
P -^ pVz 

^ 9 I dsp($Arc(s)t$Arc(s)t$Arc(s)*c(s) + ^ ci^V^ Nci^)'^^ Nc{^)^ Nc{^)) 

(E.258) 



then 



H'Pk)(r),*+(r),0(r),*+(r)] 

X ((/)+(s))VFP[l/',V'+,0,0+] 

(E.259) 
Expanding gives 

= W^P[V;,V+,0,0+]i-4 + W^P[^,V'+,</',</'+]5-i2 (E.260) 
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where 



gjds {yj{s)) (0(s)) {q^+{s)) {^+{s)) WP 
S 



9 / ds (^(s)) 



6(1)+ (s) 



(0+(s)) (0+(s)) WP 



g ds 



1 (5 



2SiP+{s) 



9 ds[ -- 



1 



(0(s))(0+(s))(0+(s))W^P 



(0+(s))(0+(s))T4^P 



2Jv+(s)y V <50+(s) 



(E.261) 



+.g/'ds(0(s))(0(s))((/)+(s; 



+5/ ds(0(s))(0(s)){(/)+(s) 

.50+ (s) 
(5 



.50+ (s) 



+gy ds(0(s))(- 

+g [ds{cb{s))(-^^ 

+9 I ds [ -^j—] (</)(s)) 

f / 6 \ 
+9 / ds 

+9 / ds 



(^-+(8)) T4^P 

1 (5 

2 5i:{s] 



WP 



0+(s) 
0+(s) 
0+(s) 
^+(s) 



(50+ (s) 

(5 
"(5(/)+(s) 

(5 
'S(l)+{s)J V (50+(s) 

(5 \ / (5 



(50+ (s) 



(5(/)+(s) 



(V'+Cs)) W^P 
1 (5 



2(5?A(s 
(V'+Cs)) VFP 
1 (5 



T4^P 



, T4^P 

2(5?A(s^ ' 

(j)+{s)) {i;+{s))WP 
1 (5 



^+{s)) 



2 (5V'(s) 



lyP 



(E.262) 
The functional derivatives are now placed on the left using results in which the 
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functional derivatives of differing fields are zero (see (jE.320[) and (jE.32fp 'l giving 

= g I ds{i;{s)(f>{s)(l)+{s)(f,+ {s)}WP Wl 

{?/'(s)(/)+(s)0+(s)}VFF W2 



and 



-g I ds 
—g / ds 
+9 / ds 



(50+ (s) 
S 



S^Hs)J^l^^'^ 



'.+ (^\A+ 



{s)(l)+{s)}WP W3 



WIa) {wW^ {\l>'^')*^i'm'P 



W4 



(E.263) 



+g I ds{(f){s)(l){s)(f>+{s)i:+{s)}WP W5 



'9 I ds (^) {i0(s)0(s)</>+(s)}M^P W6 



-g I ds 
-g I ds 
—g / ds 
-g / ds 
+9 / ds 
+9 / ds 



<50+(s) 
S 



<50+(s) 
S 



<50+(s) 
6 



<50+(s) 
S 



(50+ (s) 
6 



S<j)+{s) 



{<l){s)(l)+{s)i;+{s)}WP W7 



{(^(s)(/)+(s)V'+(s)}VKF 



W9 



(^) {^^(^)^"(^)}^^ 



{,/.+ (s)7/'+(s)}WP 



6+(s) 
S \ f S 



W8 

WIO 
Wll 



.0+(s)Aw/2^ ^^^^^"^ 



f 



W12 
(E.264) 



Collecting terms with the same order of functional derivatives we have 

(E.265) 



WP[^{v),ij+{v),(j){v)A+{v)] 
WPa + WPi + WP2 + WP3. 



251 



where we have used lower subscripts for the p V3 contributions and 

WPq 

= g f ds{tP{s)(f){s)<l)+{s)(f>+{s)}WP Wl 



+g / ds{(l){s)(f){s)(l)+{s)ij+{s)}WP W5 



WP, 



1 
-gjds (j^^) Ms)(l>+{s)(f>+{s)}WP W2 

-gjds (^^^) {i0(s)0+(s)0+(s)}W-P W3 



(E.266) 



~9 I ds ( ^^ ) {^(f>is)<P{s)(f>+{s)}WP W6 

ds (^^^) {0(s)0+(s)^+(s)}W^P W7 

-gjds (^^) {0(s)0+(s)V.+ (s)}W^P W9 

-gjds (^^^) {i0(s)0+(s)0+(s)}W-P W3 

+gJds(-^\{^<f>{sms)(f>+{s)}WP W6 

ds I TTXZT ) {[2(t>is)^p+is)+tP{s)<j)+{s)](j)+{s)}WP W7,W9,W2 
\S(j)+{s)J 

(E.267) 



252 



WPo 



+9 I ds 
-g / ds 
— g / ds 
+9 / ds 
+9 / ds 
-9 / ds 
+9 / ds 
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-i^] 
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Sip{s) 
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{(f)+{s)tl)+{s)}WP 



(50+ (s) 
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.0+(sW ^2^"^^)^"^^)^^^ 



(50+ (s) 
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+(s); v<50+(s) 



Wll 

W4 

{(j){s)(l)+{s)}WP W8,W10 
{(j)+{s)tl)+{s)}WP Wll 



(E.268) 



WPz 
= +g ds 

Now if 

P ^ [^3, P] 



f s 



s 



\Sip{s)J \S(f)+is)J V<50+(s)/ '2 



A \ 1 

{-</>+(s)}VKP M^7^ 



(E.269) 



then 



(E.270) 



W^P[V'(r),V+(r),./>(r),(^+(r)] 

VFP^ + wp:^ + wp} + wp^ 



(E.271) 
where the WP^ are obtained by subtracting the results for pVs from those for 
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Va p. We find that 



WP^ 



g / ds{4>+{s)(t>+{s)(l){s)tP{s)}WP VI 

-g I ds{iP{s)(j){s)(t>+{s)4>+{s)}WP Wl 

+g I ds{tP+{s)(t)+{s)<j){s)(f){s)}WP V9 

-g I ds{(t){s)(j){s)(t>+ {s)tP+ {s)}WP W5 




(E.272) 
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{-0+(s)0(s)0(s)}w^p vn 

{-</)(s)0(s)0+(s)}VFP M^6 

{[20+(s)V'(s) + V+(s)0(s)]0(s)}W^P F5,y5,l^i0 



{[2</-(s)V'+(s) +-0(8)0+ (s)](/)+(s)}VFP W7,W9,W2 

{0+(s)0+(s)0(s)}VFP Fa,H^5 

{0(s)0(s)0+(s)}VKP V11,W6 
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(E.273) 
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-^I'^ {wis)) {ik) {^"(^)^(^»^^ ^^'^^ 

+^/^^ (^) {wKl {^(^)^"(^)}^^ ^^'^^« 

+3 /^^ (tTT^) (tTTt) msms)}WP V7 



WP? 



T 



= +9 I ds { ——^ ] (J^) (-^) dHs)}WP V8 



(E.274) 



5%Ij+{s)J \S(f>{s)J \S(l){s)J '-2 

(E.275) 

Thus we see that the V3 term produces functional derivatives of orders one, 
two and three. We may write the contributions to the functional Fokker-Planck 
equation in the form 



V3 






(E.276) 
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where on reverting to the original notation 



d 



-P[^(r),V^(r)] 



V3 






ft r-V ^4('5^^c(«)/ — — ■ _,-,.,,,„--_,,,„--,, J . ,^,-„^ 



9 I ds\{ 7-7^^ ) {[2V^jvc(s)V'^(s)+^c(s)^+c(s)]^^c(«)} K[^«,C«] 



ft I --^y c?s|(^^^— ^j{[2^+c.(s)V'c(s) + ^+(s)Vivc(s)]^ivc(s)}|P[^(r),V^(r) 



^P[^(r),V^(r)] 



V3 






if /■ . r/ (5 



r. I -■'/ •"{[jUiw) l#M5J <*'»-"*"'''"') '''i'"'S">l 



— 2 



hl'-iiwisi) iuh>) fec(»)*;cW)}p[*w-swi} 



if f , ( f S \ / (5 



ft I ■ i IV'^V'wc(s)/ \'5V'^c(s) 



-.9 MH TT^VT TT^VT {^^c(s)^5(s)}K['A(r),^:(r) 



— > 



— 2 



r- l''h[{j*^) (5*^) <"-<*'-<=»} ^[^M-CWI 



(E.278) 



|p[^(r),V^(r)]^ 



(5 \ .1 



t{-'/*{(^) (5«b)) (^)'^*-""}^ii'-'-*4<-'i} 

(E.279) 

Note that these third order terms are not included in the functional Fokker- 
Planck equation for the Bogoliubov Hainiltonian. 
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Appendix E.IO. Summary of Results 

The functional Fokker-Planck equation may be written in the form 



^P[^(r),V^(r): 
|p[^(r),V^(r)])^+(|p[^(r),V^(r)]^^^ 

of the sum of terms from the condensate, non-condensate and interaction terms 
in the Hamiltonian. 

Appendix E.10.1. Condensate Hamiltonian Terms 

The contributions to the functional Fokker-Planck equation from the con- 
densate Hamiltonian may be written in the form 



+ (^^[^W'!^W]) (E-281) 

of the sum of terms from the kinetic energy, the trap potential and the boson- 
boson interaction. Derivations of the form for each term are given in |Appendix E[ 
Here and elsewhere d,, is short for -rr—. 

The contribution to the functional Fokker-Planck equation from the kinetic 
energy is given by 



h \ J 1 5ip^{s) \ 2m 



-I 



2 



j '^A^AT.I^^^ci.An^irl^^ir)] 



V \ \ M '' •' '' 

(E.282) 
The contribution to the functional Fokker-Planck equation from the trap 
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potential is given by 



|p[^(r),V:;(r)]^^ 






(E.283) 



The contribution to the functional Fokker-Planck equation from the boson- 
boson interaction is given by 

ot ^f — > ^ jj 
^ ( f . 5 

a 

-i ( f , 5 

a 



|+.g / rfs-^ { [V^+(s)^c(s) - <5c(s, s)]^+(s)} P[Mr), r{r) 



n- I J o->pc(s) o->pc(s) S^p^{s) 4 ^ — > 



(E.284) 



which involves first order and third order functional derivatives. The quantity 
(5c(s,s) is a diagonal element of the restricted delta function for condensate 
modes. We note that 

fdsSc{s,s)^l (E.285) 

corresponding to there being a single occupied condensate mode in this treat- 
ment. The total condensate number given by 

^c^ Jill D^c D^i^+ D^i^NC D^^P+c I ds(^+(s)V'c(s))P[^(r), ^(r)] 

(E.286) 
is depleted by one. 

Appendix E.10.2. N on- Condensate Haniiltonian Terms 

The contributions to the Junctional Fokker-Planck equation from the non- 
condensate Hamiltonian may be written in the form 
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|p[^(r),^(r)] 

^F[V;(r),V^(r)]) (E.287) 

of the sum of terms from, the kinetic energy, the trap potential and the boson- 
boson interaction. Derivations of the form for each term are given in |Appendix E[ 
The contribution to the functional Fokker-Planck equation from the kinetic 
energy is given by 



(E.288) 






The contribution to the functional Fokker-Planck equation from the trap 
potential is given by 

|p|*(,.),v4wi^^^ 

T{-/*{5vd(:yf'''=>*-w>}''iiC'>*;c'i 
"* r /■ , r 5 



^i^y'i^^A^^i^'^^^^^^-^^^^'^f^^^^'^*^^^^ 



(E.289) 
The contribution to the functional Fokker-Planck equation from the boson- 
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boson interaction is given by 



l^t^W'^^l, 



(E.290) 

This term is part of the interaction term H^ and its contribution to the func- 
tional Fokker-Planck equation will be ignored. 

Appendix E.10.3. Interaction between Condensate and Non-Condensate Terms 
The contributions to the functional Fokker-Planck equation from the inter- 
action Hamiltonian between the condensate and non-condensate may be written 
in the form 



|p[^(r),V4(r)]^^ 

^^P[^{r),^{r)]^ (E.291) 

of the sum of first, second and third order terms in the non-condensate field 
operators. Derivations of the form for each term are given in [Appendix E[ 

First Order Terms The contribution to the functional Fokker-Planck 
equation from the first order term in the interaction Hamiltonian between the 
condensate and non-condensate may be written in the form 

^P[^(r),V^(r)] 

^P[^{v),r{v)]\ + (^P[M,r{r)]) (E.292) 

dt ^ -^ ) y^^ \dt -^ -> J y^^ 

These two contributions may be written as the sum of terms which are linear, 
quadratic, cubic and quartic in the number of functional derivatives. For the 
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^14 term 



|p[^(r),r(r)] 

|p[^(r), V^(r)]) + f |p[l(r), ^ (r)] 

|p[^(r),^(r)]) +('|p[^(r),^(r)]) (E.293) 



where 
d 



^^P[^(r),V^(r)] 



— 2 



yi4 
S 



^ +.9 ^« -TTTT {[2^c(s)^c(s)-^c(s,s)]^+c.(s)} P[^(r),r(r)] 



^|+.9yds|(^^^){[^+(s)^+(s)]^Arc(s)}|p[^(r),^(r)]| 



— > — > 



ft I -V "^^ [Wcis)J -- — O- ^..^,^.,.^c'V".. J ' L^v 



— ^ -.9 / ^n ( T-r^ ] {[2^c(s)^+(s)-<5c(s,s)]V^^(s)} [>P[^(r),^:(r)] 



.9/rfs |(^^^-^^ {[V^+(s)^c(s) -<5c(s,s)]V'c(s)}|p[^(r),^(r)]| 



(E.294) 



-.9 / ^H ( TT^^IT ) {[V'c(s)V^(s) - fc(s,s)]V+(s)} |>P[V;(r),^:(r)] 
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-P[^(r),V^(r)] 



— g / ds 
+9 / ds 
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Y<+a I ds 



^{+9 I ds 



-J-\-9lds 
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S^pcis) 
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Hcis) 
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j^){ifc(s,s)}}p|*(r).V4(r)l 
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-<5c(s,s)^^P[V^(r),V^(r)] 



A/ . w{:^^c(s)Vc(s)} P[^(r),V':(r)] 
d^pNc(s) J 2 I ^ ' 



{-7A+(s)7A+(s)} P[^(r),^:(r) 



<5V'wc(s) 



-> — > 
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Y^+a I ds 
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S^pc{s) 
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Si;+{s) 
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(5-0c(s) 

5 

_J__ 

(5-0c(s) 

6 
Sipc{s) 
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{-^+(s)}^P[^(r 



-^—) il^cis)}] P[Hr 
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dipNcis) / 2 I ^ 



(5 
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(E.296) 
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TYJ '^^X ['hW)) k'hW)) [h^)) k'h^^)) ^8 

(E.297) 



^ I --V '^XKh^)) \hW)) \Jim) \^4J^))'^-^V^%''^^n'^^ 



For the V\2 term 



^P[^(r),r(r)] 

^P[^(r),V^(r)]) +('^P[^(r),V^(r)]) (E.298) 

OT ^ -> ) V\2 \Ot -^ ^ Jvi2 



where for the two raode condensate case 
at -^ —^ / V12 






i{-'II''^''{{wcin)j—' ^^-'^r^^--^ 



-g I I dsdu\ ( ,^,+ ,.., ) {P(u,s)*^+(s)} !> P[^^(r),Vt(r)] 



— z 



- 1+,/ / .s .u I (^) {F(s, u) ^o(u)}| P[^(r), ^(r)] 



(E.299) 



^P[^(r),V^(r)]' 

t{+'//*'"'{(5^) (#^) f^^''-"'*} ^'i'"-*:"" 
"' ' -"//*"" {(«^) (to) '^•''"""I ^'4''"-''" 



(E.300) 
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These results may also be written as 






-g / ds 



{y"duF(s,u)*Vj(u)}| P[V^(r),V^(r)]| 



(E.301) 

so the quantity inside the inner brackets is just another functional. The quadratic 
term is left unchanged except for interchanging positions to make the expression 
more symmetrical 

^P[^(r),^(r)]) 

- tI+'/Z^^-K^w) (») '5^<"-'"} ^ii'"-*;Mi 

+^{-,//.sdu{(^) (_^)(iF,u,sr(} P|^W,5W, 

(E.302) 
For the single mode condensate case 
d 



^^P[^(r),V^(r)] 



V^12 



— 2 



.9/rfs K^;^) {(*c(s)^$c(s)) ^^c(«)}} /^[^(r),^(r)] 
.9/rfs {(^^) {($c(s)t$c(s)) ^A.c(s)}| P[^(r),^(r)]| 



(E.303) 
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|p[^(r),V^(r)]' 



— I 









(E.304) 



Second Order Terms The contribution to the functional Fokker-Planck 
equation from the second order term in the interaction Hamiltonian between 
the condensate and non-condensate may be written as the sum of terms which 
are hnear, quadratic, cubic and quartic in the number of functional derivatives 

^P[Hr),r(r)] 

|p[^(r),V:;(r)])^^+(|p[^(r),^(r)f^^ 

+ (|p[^(r),^(r)])'^^+ (|p[V;(r),^(r)])[^^ (E.305) 
where 

^P[^(r),V^(r)] 
^ |+.9y"ds (^^^) {[^+c.(s)^c(s) + 2^+(s)^Arc(s)]^+^(s)}P[^(r),^(r)] 



TX'^J "^^ [h^)) {[^^^(^)^c(s) + 2^c(s)V'^c(s)]V'ivc(s)}P[^(r),7r(r)] 
^|+.9y'ds|(^-^^^;^){^Arc(s)V'+(s)V'+(s)}|p[^(r),V^(r)^^ 
^|+.9y'ds|(^-^^^;^){[2^c(s)^J(s)-fc(s,s)]^+^(s)}|p[^(r),^ 
^|-.9yds|(^^^^-^){V+c(«)V'c(s)Vc(s)}|p[^(r),^(r)]| 

.9/^s|(^ ^^J^^^^^ ^{[2^+(s)^c(s)-<5c(s,s)]^Arc(s)}|p[V;(r),V^(r)]| 



"ft 



(E.306) 
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(E.308) 



-P[V^(r),V^(r)] 
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-^ — > 

(E.309) 
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Third Order Terms The contribution to the functional Fokker-Planck 
equation from the third order term in the interaction Hamiltonian between the 
condensate and non-condensate may be written as the sum of terms which are 
linear, quadratic and cubic in the number of functional derivatives 

|p[^(r),^(r)])j^^+(|p[^(r),V:;(r)])'^^ 

^P[^{r),r{r)]) (E.310) 



where 

d 



^^P[^(r),^(r)] 



—I 



V3 

S 



h V'J "nV'5^J(s)r'^^^^''^^^ 



9 ds{ ^^ {^+^(s)^+^(s)^Arc(s)} P[^(r),^*(r) 



^ — > 



-^ [-ajds I (^^) {Hc(^)^Nc{s)iPNc{s)}^ P[V;(r), V^(r)]| 



—I 



(E.311) 



^P[^(r),V^(r)] 



V3 






— i 



(5 



^ I 'J \\Si:Ms)J\Si.Nc{s)J'^^^ 



-l-{-9 dsl — +— y- {^+c(s)^wc(s)} P[^(r),^:(r) 



— > 



— 2 



(5 \ / S 



Ti+^y *ilivs:)j Iss^wJ ('"-■<')«c(=))|n*M,*;Mi 



—I 



-l-{-a ds{ ( . , J -^— {V^c(s)^+(s)} P[^(r),^:(r) 



(E.312) 
267 



|p[v,ww4W])',^ 
t{+-'/*{(4w) i^) (5*£(:))'5*-w'}^[i<"-^<"i 

-i ( f , ( f S \ f S \ f S \ A 

(E.313) 



r, I '7*Uj«i)Jl#^Jl5^J^J'2*-W'i^l4'--'-*:WI 



This term is part of the interaction term H^ and its contribution to the func- 
tional Fokker-Planck equation will be ignored. 

Appendix E.ll. Supplementary Equations 

Bogoliubov Hamiltonian 

Hb^Hi+H2 + Hs (E.314) 

Operator identities for various functional derivatives 



f M - 


E Ms) I, 

fc=l,2 "^k 


f M - 


(E.J 


/ ,5 \ _ 


\Hnc{s)) ^ 
( 5 \ 


Field Functions 


KHNci^)) ^ 



V'c(r) = ai0i(r) + a2</.2(r) ^+(r) - 0*(r)a+ + (/);(r)a+ (E.316) 

V'c(r) = f dr' Sc{r,r')ijc{r') ^+(r) = /"dr>+(r')(5c(r',r) 
V-ATcW = f dv' 5nc{v,v')4,nc{v') i^{r)= fdr'i^+{r')Sc{r',i^M8) 
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Product rule for functional derivatives 
6 



Sip{s) 



(^[^(r),V'+(r)]G[^(r),7A+(r)]) 



dtp[s) dtp[s) 

^ -(F[V'(r),^+(r)]G[V;(r),^+(r)]) 



A A 



(E.319) 



Functional Derivative Results 
S 



tpcir) = Sc {r,s) 



--^—-iP+ir) = Sc+{r,s)=5cis,r) 

TT^^cW - ^^^C7(r) = (E.320) 



^Nc{r) = _^^^+p(r)=0 



— -—-V-ATcCr) = -— 
oV'c(s) oV'ci^ 

A A 

——-ij+^{r) = ^^V^c-W-O (E.321) 
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Appendix F. - Ito Stochastic Equations 

The Ito stochastic equations are obtained after neglecting third, fourth order 
functional derivatives in the functional Fokker-Planck equation. The drift and 
diffusion terms are then identified from the remaining first and second order 
functional derivative terms that are left and the Ito stochastic equations for the 
stochastic fields can then be written down. 



Appendix F.l. Symmetric Forms of Functional Fokker-Planck Equation 
For the two mode case the diffusion term in (|F.27I) becomes 

To^ff = y" / dxdy——————HAB{Hx),x,il;{y),y)P 

9 E / h'"^V K,,j^^K,,^U^ HAB{t{x),x,t^{y),y)P 



'^ I^bJ J "SMx)S^PBiy) ^^'^' " '^ 

Arc A A 

+ oE / / ^^^^ x; I \ iii ( . Haa{Hx),x, t(;{y),y)P 
2^ J J dipA(x) dipA[y) -^ -^ 

^ r r A A 

(F.l) 



2^7 y S^a{x) 5iJA{y) -^ -^ 



If we interchange A, B and x, y in the second term and just a;, y in the fourth 
term, we find on using the result that double functional differentiation can be 
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carried out in either order that 

1 C C A A 

A.'C B 

1 r r A A 

+ o XI / I'^^'^y xi (\xi ( \ HBA(.My)-,y,Mx),x)P 

B^A'' ■' S-ipAix) S-ipBiy) -^ -^ 

-I r r A A 

+ oXl / / d'Xdy HAA{-ipix),x, %p{y),y)P 

^^J J d->pA{x) d->pA{y) -^ -^ 

A r r A A 

+ oXl / / ^^^V ki I \ki I ^ HAA{My),y,i'{x),x)P 
^^J J 6-)pA(x) 6-)pA(y) -^ -^ 

1 r r A A 

= o XI / h^^^y xi t\xi t \ ^^B{Hx),x,il;(y),y)P 

A^B-' ■' SlpA(x) SlpBiy) -^ -^ 

1 r r A A 

+ o X / h^^'^V xi (\xi t \ ^BA{ip(y),y,Hx),x)P 

1 r r A A 

+ oX / / dxdy {HAA{Hx),x,ip{y),y)+HAAi''P(y),y,Hx),x))P 

^^J J dlpA\x) 01pA\y) ^ -> -> -> 

(F.2) 

If we now define a new diffusion matrix sucli that 

DAB{i^{x),x,i){y),y) = HabU' {x),x, ip {y),y) A<B 

DAB{i^{x),x,-il^{y),y) = HBA{i^{y),y, i^{x),x) A> B 

DAA{i^{x),x,^{y),y) == HAA{i^{x),x, ■il^{y),y) + HAA{i^{y),y, i^{x),x) A^B 

(F.3) 

we see that the functional Fokker-Planck equation for the two mode case be- 
comes 

dt ^J 5-4) A{x) -^ 

+ oE / / dxdy— —————— -Dab {Hx),x, Hy),y)P 

AB-' •' d->pA[x) dipB[y) -^ -^ 

(F.4) 

The expressions have been defined so that Dab is symmetric. For the two mode 
condensate case 

DAB{i^{x),x, -ip^iy), y) = DBA{i^{y),y, i^{x),x) (F.5) 

Appendix F.2. Complex Symmetric Matrices 

We present a proof that any n x n complex symmetric matrix F can also 
be written in the form F — B B"^ , where B is also complex and has dimension 
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n X 2n. The proof is adapted from material in [[83j] and [[8J|] (see Sect. 6.4.7). 
This result is less useful than the Takagi factorisation, where B has dimension 
n X n, the same as F. 

The matrix F is n x n and we have Fpq = Fq^^ 

We first write 

(F.6) 



pq — ^ qp- 

F ^F^ + iFy 



where F^ and F^ are real symmetric matrices, both n x n in size. 

We then construct a 2n x 2n matrix D using F^ and Fy as sub-matrices 



D 



hF^ 


hFy 




■ ^a:a; 


Z)xy 


2 

^Fy 


2 
— 1 pa: 
2^ 





Z)!'^ 


£)yy 



(F.7) 



Clearly D is both symmetric and real. We use D^^, ..,Dyy as an alternative 
notation for the n x n submatrices of D. 

Hence we can find a real 2n x 2n matrix B such that 



D^BB^ 



(F.8 



Such a matrix can be obtained by construction using the real eigenvalues A and 
real, orthogonal eigenvectors Xx of D. Thus with 



DXx 
D 



XX, 



^x ^p. 



X 



XXxX^ 



^Xp. 



(F.9) 



we can choose 



B = y %/AXaXJ 



A 



(F.IO) 



from which it is easy to show that D = B B^ . Note that B is complex unless 
D is positive semi-definite. 

We now divide B into two n x 2n submatrices as 



B ^ 






(F.ll) 



Clearly as 



BB' 



D 



TDX l^xT T^XX 

QV B^T _ j-)yx 



B^ BV"^ 

By By"^ 



£)xy 

jjyy 



we can express the submatrices of D in terms of B^ and i?^. 
Now define the n x 2n complex matrix B as 



(F.12) 



S=S^ 



iBy 



(F.13) 
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Then 

= B'-' B""^ + iB^ B^^ + iB^ B''^ - By B^^ 

= \F''~{~\F^)+^{\Fy + \Fy) 

^ F^ + ipy 

= F (F.14) 

showing that a n x 2n complex matrix B can be found such that BB = F, as 
required. 

Appendix F.3. Properties of Noise Fields - Two Mode Case 

We can use the results in (|F.28[) relating the 77^,' [ij^ (x, t)) to the non-local 

diffusion terms Dab{ V' (^^i, ii), a;i, ^ (a;2, ^2)1 X2) and the fundamental noise prop- 
erties of the Gaussian-Markov noise variables F^ in (|F.30p , together with (jF.3ip 
to determine the stochastic properties of the noise fields. For a single noise field 



{(|GA(^(a;i,ii),r;(ti+)))} 



= Y.^lk°{t{^iM))T'^{h)=Q (F.15) 



Dk 

and for two noise fields. 



Dk El 

Dk El 



= J2J2^k''''iti^uh))rif'''{ti^2,h)) rf(ti+)Ff(i2+) 



Dk El 



Dk El 



X!X!^fc' ('0(a;i,ii))'7; ' ii^ ix2, h)) SkiSDES{ti-t2 



= Yl vt'^ {i^{xi,ti^2))Vk''" {^{x2,ti^2)) Sih - ia) 

Dk 



= DABi'tljixi,ti^2),Xl, ^p{x2,tl,2),X2) S{ti -t2) (F.16) 

Thus the stochastic average of the linear noise term is zero, and the stochastic 
average of the product of two linear noise terms is delta function correlated in 
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time, but is not delta function correlated in space. Instead the spatial correlation 
is given by the non-local diffusion term in the original functional Fokker-Planck 
equation! 

The noise terms do however satisfy the Gaussian-Markoff conditions that 
averages of products of odd numbers of noise terms are zero, however averages 
of products of even numbers of noise terms can be written as sums of stochastic 
averages of products of pairs of non-local diffusion terms, rather than pairs of 
noise terms. Thus 



{(^^^GAi^ixi,t,),T^it,+))^ (^^GB(^(x2,t2), r;(t2+))) (^^Gc(V;(x3,t3),i;(i3+)) )} 



'^' 



Dk El Fm 





(F.17) 



and 



X (iGc(^(x3,i3),i;(i3+))) (f Gz,(^(x4,t4),i;(t4+)))} 



E E E E % '"^(^(^1' ^l))'7f '"^C V: (3^2, i2))??m '^(_^(a;3, t3,))r]n'^ {M^Xi,ti)) 
Hk El Fm Gn 



xrf(ii+)rf(i2+)r^(i3+)rG(t4+) 



E E E E % '"^(^(^1' ^l))^f '"^(^(2^2, i2))?7m '^(^(a;3, t3.))Vn'^ {±{xi,ti)) 
Hk El Fm Gn 

{5kl5HE5{tl - t2)){5mn5FGKh - U)) + (SkmSHpSiti - t'i)){5ril5EGS{t2 - ti)) 
+ (4n^ffG<5(^l - tA)){.^ml5EF5{t2 - t^)) 



B:E, 



J2HkVk' (V;(a;i,ti))Eiji^i ' {i'ix2,t2))SkiSHES{ti-t2) 



-^ 



EFmV^'W^3^t3))EGn<'W='^M))6mnSFGS{t3-t,) 



A:H 



Y.Hk Vk ' i^ixi,tl)) Y.Fm Vm ( V;.(a^3, t3))5km5HF5{tl - ^3) 
T.EI Vf''^{i^ix2,t2)) 'Ecn r]n''^{i^ixi,t4))SnlSEGSit2 - ^4) 



Efffc % '"^(^(a^l- il)) Ecn Vn'^{i^ixi,t4))5knSHGSitl - t^) 
HeI^i''^ i.t{^-2^'^-i))llFm^m'' i.'^ixz,t3))5lm5EF5{t2 - t^) 



DAB{i^{xi,ti,2)-,Xi, 'll^{x2.,ti, 2)^X2) DcD{i^{x3,t3A),X3, ^ {Xi^t^A), X4) S{ti - t2)5{t3 - t^) 



DAc{i'{xi,ti^3),Xi, ip{x3,ti^3),X3) DBD{lp{X2,t2A),X2, V" (2^4, ^2, 4), 2:4) S{ti - t3)5{t2 - t^) 



DAD{'4'{xi,tiA),Xi, ■4;{x4,tiA),X2) DBc{lp{x2,t2.3),X2, Ip {x3,t2.3), X3) 5{ti - t4)S{t2 - t3) 

(F.18) 
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using the results (jF.28|) . This is not quite the same 



as 



,,-a 






)))} 



^^GAi^ix4,h),r^{h+))^ (^^GB(V;(a;2,i2),i;(t2+)))} 









i;(i4+)) 



^Gb( V;(x2, t2), r;(t2+))) (^^Gc(^(x3, i3), r;(i3+))) } 



} 



} 



because in general 



(F.19) 



-Dab( Vj (a;i, ^1,2), Xi,ib{x2,ti^2),X2) 




DcD{Mx3,i, h), X3, V; (a;4, i3.4), x^) 



^ DAB{^j{xi,ti^2),xi, ip{x2,ti^2),X2) X -DcD ( V' (2:3 , ^3,4), 2^3, V' (a^4, ^3.4), a;4) 

(F.20) 

etc., so the noise terms are not themselves Gaussian-Markov processes, though 
there is some similarity. 

Appendix F.4-. Properties of Noise Fields - Single Mode Case 

We can use the results in (|F.29I) relating the 7/^,' {i/j{x,t)) to the local 

diffusion terms DABi'>P {x,t),x) and the fundamental noise properties of the 

Gaussian-Markov noise variables F^ in (jF.30[l . together with (|F.3ip to determine 
the stochastic properties of the noise fields. For a single noise field 



{(^§lGA{^{x4,h),r^{h+))y 

Dk 



(F.21) 
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and for two noise fields 



Dk El 

= EE^fc''^''(5(^i'^i))rf(^i+)^r''(^(^2,t2))rf(t2+) 

Dfe El 



= J2J2^t'''iti^uti))vf'''{ti^2,t2)) rf(ti+)rf(i2+) 



Dk El 



= X]X]^fc'"°('V^(^i'^i))^f'"^(V'(2;2,i2)) SklSoESih - t2) 

Dk El 

= E % '"°(i;^(a;i' *i.2))% '■°(^(a;2, ii,2)) Sih - t2) 



= DABit^ixia.ha), a;i,2) (5(a;i - a;2)<5(ii - ^2) (F.22) 

Thus the stochastic average of the linear noise term is zero, and the stochastic 
average of the product of two linear noise terms is delta function correlated in 
time, and is also delta function correlated in space. The spatial correlation 
is given by the local diffusion term in the original functional Fokker-Planck 
equation! 

The noise terms do however satisfy the Gaussian-Markoff conditions that 
averages of products of odd numbers of noise terms are zero, but averages of 
products of even numbers of noise terms can be written as sums of stochastic 
averages of products of pairs of non-local diffusion terms, rather than pairs of 
noise terms. Thus 

{(^^GA{%{xi,t,),T^{t, + ))] ('^GB(^(x2,t2), r;(t2+))') ('^Gc(^(x3,i3),i;(t3+)) )} 



EEE^^''^''(l(^i'^i))^f^''(l(^2,t2))r;^^^(V'(x3,i3))r^(*i+)rf(t2+)r^(t3+) 

Dk El Fm 

(F.23) 
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and 



{{S-tGA{^{xutl),T^{h + ))) (fGB(V;(x2,i2),r(i2+)) 
X (^Gc(^(x3,i3),i;(t3+))) (f Gz,(^(x4,t4),i;(t4+)))} 



Hk El Fm Gn 



^f 



^f 



-^ 



^- 



xrf(ii+)rf(t2+)r^(t3+)rG(t4+) 



= X X X X % '"^(^(^1' ^i))^f ''^( V|_(a;2, i2))?7m '^( V^(a;3, is))??" '"^l V^(a;4, ^4)) 

HA; El Fm Gn 

{SklSHESih - t2)){5mn5FGKh ^ *4)) + (4m'5H_F(5(il - h)){5nl5EG6{t2 - t^)) 
+ (4n^ffG<5(il - t4,)){SmlSEFSit2 - h)) 



Y.Hk Vt'" it^^XlM)) J2eI Vf'^ i^iX2,t2))SklSHES{ti - t2] 
j:FmV^''^i%ix^^t3))J:GnV^'-''i%ix4,U))SrnnSFGS{h^U) 



J2HkVk'' {H^lM))T.Fmrim^itix^M))5km5HF5{h - ^s) 



— > 



— > 



T.El'ni ' (V'(a;2,i2))EGn'7^''^(V'(a:4,i4))(5njfeG(5(i2-t4) 



— ^ 



—f 



DAsi'lp ixi,2,ti.2),Xi,2) 




-DcD(^(a;3,47^3,4),X3,4) 



X(5(xi - X2)S{X3 - Xi)6{ti - t2)6{t3 - t4) 



Dac( V^(a;i,3,ii,3),a;i,3) 




£'i3D(^(a;2,4>*2,4), 2:2,4) 



X(5(xi - X3)S{x2 - X4)d{ti - h)d{t2 - ^4) 



DAD{^{xiA,tiA),Xi^i) 




DBc{i^{x2,3,t2,3),X2,3) 



x5{xi - X4)5{x2 - X3)6{ti - ti)5{t2 - h) 



J^Hk^k' i±ixi,tl))T,GnVn'^{±ix4,t4))SknSHGS(tl - ti) 



J2eiVi '' {tix2,t2))J2F-mVm'^itix3,t3))SlrnSEFSit2 - ts] 



(F.24) 
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using the results in (|F.29[) . This is not quite the same as 



{( ^GA(V;(^i,ii), r;(ii+))) (^^GB{^{x2,t2),L,it2+))]} 



'^' 



x{( ^Gc(V;(a;3,i3),i;(t3+))) (^Gc(^(a;4,i4),i;(t4+)) 



'->^ 



+{( ^^GA{^{x,,h),r^{h+))] ('^Gc(V;(a:3,i3), r;(t3+)) 



x{( ^GB(V;(x2,t2), r;(t2+))) ('^GD(^(x4,t4), r;(i4+)) 



+{( ^G^(V;(a;i,ii),i;(ti+))) (^^GD{t^{x4,U),r^{U+)) 



'^^ 



X{( ^GB(^(x2,t2), r;(t2+))) [^Gc(^(x3, is), 11(^3+)) 



'^^ 



(F.25) 



because in general 



DabO^ ixi^2,ti^2),Xl^2) 


DcDii^ix3A,t3A),X3A) 



7^ DAB{lp{xi,2,tl,2),Xi,2) X -DcD(V'(a;3,4,i3,4), 2:3,4) 



(F.26) 



etc., so the noise terms are not themselves Gaussian-Markov processes, though 
there is some similarity. 

Appendix F.5. Supplementary Equations 



Functional Fokker-Planck equation for two mode case 



dt 



A 



A<B 

Summation results 



i(x) 
dxdy 



S^pAix) SijjBiy) 



HABiti^),x,Hy).y)HF-27) 



Yl '?A*''°(V^(a;i' *))%''" (^(2^2, i)) 



Dk 



DABi/ip {xi,t), xi, ip {x2,t),X2) Two Mode 



-^ 



DAsiip ixi.2,t),xi,2) S{xi — X2) One Mode 



-> 



(F.28) 
(F.29) 
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Gaussian-Markoff rules 



rf(ti) = 


= 


{rf(ii)rf(i2)} = 


= 6DE5ki6{ti - ^2) 


{rf(ti)rf(t2)r^.(i3)} = 


= 


{rf(ii)rf(i2)r,^,(i3)rG(i4)} = 


= {rf (ti)rf (t2)} {TfJh)TO{u)} 




+{rf (ii)r^(t3)} {rf (t2)rG(i4)} 



+{rf (ii)r$?(i4)} {rf (t2)r^(i3)} 

(F.30) 



Decorrelation Rule 



F{o^{t,)){V^{t^)Tf{t,)TUU)...n{ti)} 



n^ih)) {T^{t2)rfih)T^iU)...T^iti)} h < t2, h, .., ti (F.31) 
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